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the continuous-variable and discrete versions of the EPR paradox. We analyze the relationship 
with entanglement and Bell's theorem, and summarize the progress to date towards experimental 
confirmation of the EPR paradox, with a detailed treatment of the continuous-variable paradox 
in laser-based experiments. Practical techniques covered include continuous-wave parametric am- 
plifier and optical fibre quantum soliton experiments. We discuss current proposals for extending 
EPR experiments to massive-particle systems, including spin-squeezing, atomic position entangle- 
ment, and quadrature entanglement in ultra-cold atoms. Finally, we examine applications of this 
technology to quantum key distribution, quantum teleportation and entanglement-swapping. 
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I. INTRODUCTION 



In 1935, Einstein, Podolsky a nd Rosen (EPR) orig i- 
nated the famous "EPR paradox" ( Einstein et all (1935)). 



This argument concerns two spatially separated particles 
which have both perfectly correlated positions and mo- 
menta, as is predicted possible by quantum mechanics. 
The EPR paper spurred investigations into the nonlocal- 
ity of quantum mechanics, leading to a direct challenge 
of the philosophies taken for granted by most physicists. 
Furthermore, the EPR paradox brought into sharp focus 
the concept of entanglement, now considered to be the 
underpinning of quantum technology. 

Despite its huge significance, relatively little has been 
done to directly realize the original EPR Gedankenex- 
periment. Most published discu s sion h as centred around 
the testing of theorems bv iBelll ( 19641 ). whose work was 
derived from that of EPR, but proposed more stringent 
tests dealing with a different set of measurements. The 
purpose of this Colloquium is to give a different perspec- 
tive. We go back to EPR's original paper, and analyze 
the current theoretical and experimental status, and im- 
plications, of the EPR paradox itself: as an independent 
body of work. 

A paradox is: "a seemingly absurd or self-contradictory 
statement or proposition that may in fact be true 1 ". The 
EPR conclusion was based on the assumption of local 
realism, and thus the EPR argument pinpoints a con- 
tradiction between local realism and the completeness of 
quantu m mechanics. This w a s therefore termed a "para - 
dox" bv ISchrodingerl (|l935bh . iBohml l|l95ll ). [Bell (1964) 



1 Compact Oxford English Dictionary, 2006, www.askoxford.com 



and lBohm and Aharonovl 1 19571 ). EPR took the prevail- 
ing view of their era that local realism must be valid. 
They argued from this premise that quantum mechan- 
ics must be_mcomplete. With the insight later provided 
hvlBeiil (|!9fi4h . the EPR argument is best viewed as the 
first demonstration of problems arising from the premise 
of local realism. 

The intention of EPR was to motivate the search for a 
theory "better" than quantum mechanics. However, EPR 
never questioned the correctness of quantum mechanics, 
only its completeness. They showed that if a set of as- 
sumptions, which we now call local realism, is upheld, 
then quantum mechanics must be incomplete. Owing to 
the subsequent work of Bell, we now know what EPR 
didn't know: local realis m, the " realistic philo s ophy of 
most working scientists" 1 Clauser and Shimonvl (jl978)), 
is itself in question. Thus, an experimental realization 
of the EPR proposal provides a way to demonstrate a 
type of entanglement inextricably connected with quan- 
tum nonlocality. 

In the sense that the local realistic theory envisaged 
by them cannot exist, EPR were "wrong". What EPR 
did reveal in their paper, however, was an inconsistency 
between local realism and the completeness of quantum 
mechanics. Hence, we must abandon at least one of these 
premises. This was clever, insightful and correct. The 
EPR paper therefore provides a way to distinguish quan- 
tum mechanics as a complete theory from classical reality, 
in a quantitative sense. 

The conclusions of the EPR argument can only be 
drawn if certain correlations between the positions and 
momenta of the particles can be confirmed experimen- 
tally. The work of EPR, like that of Bell, requires exper- 
imental demonstration, since it could be supposed that 
the quantum states in question are not physically acces- 
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sible, or that quantum mechanics itself is wrong. It is not 
feasible to prepare the perfect correlations of the original 
EPR proposal. Instead, we show that the violation of 
an inferred Heisenberg Uncertainty Principle - an "EPR 
inequality" - is eminently practical. These EPR inequal- 
ities provide a way to test the incompatibility of local 
realism, as generalized to a non-deterministic situation, 
with the completeness of quantum mechanics. Violating 
an EPR inequality is a demonstration of the EPR para- 
dox. 



In a nutshell, we will conclude that EPR experiments 
provide an important complement to those of Bell. While 
the conclusions of Bell's theorem are stronger, the EPR 
approach is applicable to a greater variety of physical sys- 
tems. Most Bell tests have been confined to single photon 
counting measurements with discrete outcomes, whereas 
recent EPR experiments have involved continuous vari- 
able outcomes and high detection efficiencies. This leads 
to possibilities for tests of quantum nonlocality in new 
regimes involving massive particles and macroscopic sys- 
tems. Significantly, new applications in the field of quan- 
tum information are feasible. 



In this Colloquium, we outline the theory of EPR's 
seminal paper, and also provide an overview of more 
recent theoretical and experimental achievements. We 
discuss the development of the EPR inequalities, and 
how they can be applied to quantify the EPR para- 
dox for both spin and amplitude measurements. A 
limiting factor fo r the e arly spin EPR experiments o f 
Wu and Shaknovl Jl950h . iFreed man and Claused <|l972l ). 



II. THE CONTINUOUS VARIABLE EPR PARADOX 



Aspect et al\ (|l98lh and others was the low detection ef- 



ficiencies, which meant probabilities were surmised using 
a postselected ensemble of counts. In contrast, the more 
recent EPR experiments report an amplitude correlation 
measured over the whole ensemble, to produce uncondi- 
tionally, on demand, states that give the entanglement 
of the EPR paradox; although causal separation was not 
yet achieved. We explain in some detail the methodology 
and developmen t of these experiments, first performed by 
lOu et all l|l992t ). 



An experimental realization of the EPR proposal will 
always imply entanglement, and we analyze the relation- 
ship between entanglement, the EPR paradox and Bell's 
theorem. In looking to the future, we review recent 
experiments and proposals involving massive particles, 
ranging from room-temperature spin-squeezing experi- 
ments to proposals for the EPR-entanglement of quadra- 
tures of ultra-cold Bose-Einstein condensates. A number 
of possible applications of these novel EPR experiments 
have already been proposed, for example in the areas of 
quantum cryptography and quantum teleportation. Fi- 
nally, we discuss these, with emphasis on those applica- 
tions that use the form of entanglement closely associated 
with the EPR paradox. 



Eins tein et al\ ( 1935h focused attention on the myster- 
ies of the quantum entangled state by considering the 
case of two spatially separated quantum particles that 
have both maximally correlated momenta and maximally 
anti-correlated positions. In their paper entitled "Can 
Quantum-Mechanical Description of Physical Reality Be 
Considered Complete?", they pointed out an apparent 
inconsistency between such states and the premise of lo- 
cal realism, arguing that this inconsistency could only 
be resolved through a completion of quantum mechanics. 
Presumably EPR had in mind to supplement quantum 
theory with a hidden variable theory, consistent with the 
"elemen ts of re a lity" d efined in their paper. 

After iBohml ( 19521 ) demonstrated that a (non-local) 
hidden-vari able theory was feasible, subsequent work by 
iBelll ( 1964 ) proved the impossibility of completing quan- 
tum mechanics with local hidden variable theories. This 
resolves the paradox by pointing to a failure of local re- 
alism itself - at least at the microscopic level. The EPR 
argument nevertheless remains significant. 

It reveals the necessity of either rejecting lo- 
cal realism or completing quantum mechanics (or 
both). 



A. The 1935 argument: EPR's "elements of reality" 

The EPR argument is based on the premises that are 
now generally referred to as local realism (quotes are from 
the original paper): 

• "If, without disturbing a system, we can predict 
with certainty the value of a physical quantity", 
then "there exists an element of physical reality cor- 
responding to this physical quantity". The "element 
of reality" represents the predetermined value for 
the physical quantity. 

• The locality assumption postulates no action-at-a- 
distance, so that measurements at a location B can- 
not immediately "disturb" the system at a spatially 
separated location A . 

EPR treated the case of a non-factorizable pure state \ip) 
which describes the results for measurements performed 
on two spatially separated systems at A and B (Fig. [TJ. 
"Non-factorizable" means "entangled", that is, we cannot 
express as a simple product \ip) — I^aI^b, where 
\iP)a and b are quantum states for the results of mea- 
surements at A and B, respectively. 

In the first part of their paper, EPR point out in a 
general way the puzzling aspects of such entangled states. 
The key issue is that one can expand in terms of more 
than one basis, that correspond to different experimental 
settings, which we parametrize by 4>. Consider the state 
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Figure 1 (Color online) The original EPR gedanken- 
experiment. Two particles move from a source S into spa- 
tially separated regions A and B, and yet continue to have 
maximally correlated positions and anti-correlated momenta. 
This means one may make an instant prediction, with 100% 
accuracy, of either the position or momentum of particle A, by 
performing a measurement at B. EPR concluded the results 
of both measurements at A pre-exist, in the form of "elements 
of reality", and outlined the premises, local realism, rigorously 
associated with this reasoning. 



Here the eigenvalue x could be continuous or discrete. 
The parameter setting 4> at the detector B is used to de- 
fine a particular orthogonal measurement basis \u x ) , B . 
On measurement at B, this projects out a wave-function 
|^ x ),4 a at A the process called "reduction of the wave 
packet". The puzzling issue is that different choices of 
measurements <f> at B will cause reduction of the wave 
packet at A in more than one possible way. EPR state 
that, "as a consequence of two different measurements" 
at B, the "second system may be left in states with two 
different wavefunctions". Yet, "no real change can take 
place in the second system in consequence of anything 
that may be done to the first system". 

Des pite the appar ently acausal nature of state col- 
lapse ijHerbertl (1982)), the linearity or 'nocloning' prop- 
erty of quan tum mechani c s rules out superlumi n al com - 
munication ijDieksl l|l982t ): IWootters and Zurekl (fl 982)). 
This cle arly s upports EPR's original insight. ISchrodingerl 
(|l935bl . 119361 ) studied this case as well, referring to this 
apparent influence by B on the remote system A as "steer- 
ing". 

The problem was crystallized by EPR with a specific 
example, shown in Fig. [TJ EPR considered two spatially 
separated subsystems, at A and B, each with two observ- 
ables x and p where x and p are non-commuting quantum 
operators, with commutator [x,p] — xp — px = 2C ^ 0. 
The results of the measurements x and p are denoted x 
and p respectively, and this convention we follow through- 
out the paper. We note that EPR assumed a continuous 
variable spectrum, but this is not crucial to the concepts 
they raised. In our treatment we will scale the observ- 
ables so that C = i, for simplicity, which gives rise to the 
Heisenberg uncertainty relation 



AxAp > 1 



(2) 



where Aa; and Ap are the standard deviations in the 
results x and p, respectively. 

EPR considered the quantum wavefunction ip defined 
in a position representation 



,{ip/K)(x- 



(3) 



where xq is a constant implying space-like separation. 
Here the pairs x and p refer to the results for position 
and momentum measurements at A, while x B and p B 
denote the position and momentum measurements at B. 
We leave off the superscript for system A, to emphasize 
the inherent asymmetry that exists in the EPR argument, 
where one system A is steered by the other, B. 

According to quantum mechanics, one can "predict 
with certainty" that a measurement x will give result 
x B + x , if a measurement x B , with result x B , was al- 
ready performed at B. One may also "predict with cer- 
tainty" the result of measurement p, for a different choice 
of measurement at B. If the momentum at B is measured 
to be p, then the result for p is —p. These predictions are 
made "without disturbing the second system" at A, based 
on the assumption, implicit in the original EPR paper, of 
"locality". The locality assumption can be strengthened 
if the measurement events at A and B are causally sep- 
arated (such that no signal can travel from one event to 
the other, unless faster than the speed of light). 

The remainde r of the EPR argument may be summa- 
rized as follows 1 Clauser and Shimonvl (1978j)). Assum- 
ing local realism, one deduces that both the measurement 
outcomes, for x and p at A, are predetermined. The per- 
fect correlation of x with x B + xq implies the existence 
of an "element of reality" for the measurement x. Simi- 
larly, the correlation of p with — p B implies an "element 
of reality" for p. Although not mentioned by EPR, it will 
prove useful to mathematically represent the "elements of 
reality" for x and p by the respective variables /i^ and 
Hp , whose "possib le values are th e predicted results of 
the measurement" (M erminl 1 1990l )). 

To continue the argument, local realism implies the 
existence of two elements of reality, (i£ and ^ , that 
simultaneously predetermine, with absolute definiteness, 
the results for measurement x or p at A. These "ele- 
ments of reality" for the localized subsystem A are not 
themselves consistent with quantum mechanics. Simulta- 
neous determinacy for both the position and momentum 
is not possible for any quantum state. Hence, assum- 
ing the validity of local realism, one concludes qua ntum 
mecha nics to be incomplete. Bohr's early reply (Bohr 
(1935)) to EPR was essentially an intuitive defense of 
quantum mechanics and a questioning of the relevance of 
local realism. 



B. Schrodinger's response: entanglement and separability 

It was soon realized that the paradox was intimately 
related to the structure of the wavefunction in quan- 
tum mechanics, a nd the oppos i te ide as of entanglement 
and separability. ISchrodingerl (|l935l ) pointed out that 
the EPR two-particle wavefunction in Eq. ([3]) was 
verschrankten - whic h he later translated as entangled 
(Schrodinee 3 ll935bj) ) - i.e not of the separable form 
ipAipB- Both he and iFurryl 1 19361 ) considered as a pos- 
sible resolution of the paradox that this "entanglement" 
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degrades as the particles separate spatially, so that EPR 
correlations would not be physically realizable. Exper- 
iments considered in this Colloquium show this resolu- 
tion to be untenable microscopically, but the proposal 
led to later theories which only modify qua nt um mechan - 
ics macroscopicaliv (iGhirardi et al\ l|l986ft : iBelH l|l98Sft : 
iBassi and Ghirardil (|2003h )- 

Quantum inseparability (entanglement) for a general 
mixed quantum state is defined as the failure of 



(4) 



where / dXP(X) = 1 and p is the density operator 2 . Here 
A is a discrete or continuous label for component states, 
and Px' B correspond to density operators that are re- 
stricted to the Hilbert spaces A,B respectively. 

The definition of inseparability extends beyond that of 
the EPR situation, in that one considers a whole spec- 
trum of measurement choices, parametrized by 9 for those 
performed on system A, and by <fi for those performed on 
B. We introduce the new notation x A and to describe 
all measurements at A and B. Denoting the eigenstates 



of x A by \xf), we define Pq (xf\9,X] 



which are the local- 
s' 



and P Q [xf\(j>,\ 

ized probabilities for observing results xf and x" respec- 
tively. The separability condition |4} then implies that 
joint probabilities P(x A ,x?) are given as: 



J dXP(X)P Q (x A \X)P Q (x*\X) . (5) 



We note the restriction, that for example 
A 2 (x A \X)A 2 (p A \X) > 1 where A 2 {x A \X) and A 2 (p A \X) 
are the variances of Pq (x a \9,X) for the choices 9 cor- 
responding to position x and momentum p, respectively. 
The original EPR state of Eq. J3]) is not separable. 

The most precise signatures of entanglement rely on 
entropic or more general information-theoretic measures. 
This can be seen in its simplest form when p is a pure 
state, so that Trp 2 = 1. Under these conditions, it 
follows that p is entangled if and only if the von Neu- 
mann entropy measure of either reduced density matrix 
p A = Trsp or p B = TtaP is positive. Here the entropy 
is defined as: 



S[p] = —Trplnp 



(6) 



2 In this text, we use "entanglement" in the simplest sense, to mean 
a state for a composite system which is nonseparable, so that J4j 
fails. The issues of the EPR paradox that make entanglement 
interesting in fact demand that the systems A and B can be spa- 
tially separated, and these are the types of systems we address in 
this paper. However, a closer study would also consider restric- 
tions on A and B, for use of the term. This distinction, b etween 
a qua ntum correlation and entanglement, is discussed bv IShorj 
l|2008l 1. 





Figure 2 (Color online) The Bohm gedanken EPR experi- 
ment. Two spin-| particles prepared in a singlet state move 
from the source into spatially separated regions A and B, and 
give anti-correlated outcomes for J A and jf , where 
or z. 



is x, y 



When p is a mixed state, one must turn to variational 
measures like the entanglement of formation to obta in 
necessary and sufficient measures IjBennett et al 
The entanglement of formation lea ds to the popula r con- 
currence measure for two qubits I Woottersf ( 19981 )). A 
necessary but not sufficient meas ure fo r entan glement is 
the partial transpose criterion of IPeresI 1 1996f l. 



III. DISCRETE SPIN VARIABLES AND BELL'S THEOREM 
A. The EPR-Bohm paradox: early EPR experiments 

As the continuous-variable EPR proposal was not ex- 
perimentally realizable at the time, much of the early 
work relied on an adaptation of the EPR paradox to spin 
measurements bv lBohml 1 195lh . as depicted in Fig. 

This corresponds to the general form given in Eq. Jl} . 
Specifically, Bohm considered two spatially-separated 
spin- 1/2 particles at A and B produced in an entangled 
singlet state (often referred to as the "EPR-Bohm state" 
or the "Bell-state"): 



(7) 















( 






2/ 


> 
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Here | ± \)a are eigenstates of the spin operator J A , and 
we use J A , J A , J A to define the spin-components mea- 
sured at location A. The spin-eigenstates and measure- 
ments at B are defined similarly. By considering different 
quantization axes, one obtains different but equivalent 
expansions of \ip) in Eq. (JTJ) , just as EPR suggested. 

Bohm's reasoning is based on the existence, for Eq. (7| j 
of a maximum anti-correlation between not only J A and 
Jf , but J A and Jy , and also J A and J% . An assump- 
tion of local realism would lead to the conclusion that 
the three spin components of particle A were simultane- 
ously predetermined, with absolute definiteness. Since no 
such quantum description exists, this is the situation of 
an EPR paradox. A simple explanation of the discrete- 
yariab le EPR paradox has been presented by iMerminl 
(1990) in relation to the three-particle Gre e nberg er- 
Horne-Zeilinger correlation ( Greenberger et al\ (1989)). 

An early attempt to realize EPR- Bohm correlations 
for discrete (spin) variables came from lBleuler and Bradtl 
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(1948), who examined the gamma-radiation emitted from 
positron annihilation. These are spin-one particles which 
form an entangled singlet. Here, correlations were mea- 
sured between the polarizations of emitted photons, but 
with very inefficient Compton-scattering polarizers and 
detectors, and no control of causal separation. Several 
further experimen t s wer e performed along similar lines 
dWu and Shaknovl lll950t)). as wel l as wit h correlated pro- 
tons ijLamehi-Rachti and Mittigl <|l976h ). While these 
are s ometimes regarded as demon strating the EPR para- 
dox ( Bohm and Aharonovl ( 1957h ) . the fact that they in- 
volved extremely inefficient detectors, with postselection 
of coincidence counts, makes this interpretation debat- 
able. 



Bell's work provided a resolution of the EPR paradox, 
in the sense that a measured violation would indicate a 
failure of local realism. While Bell's assumption of local 
hidden variables is not formally identical to that of EPR's 
local realism, one can be extrapolated from the other 
(Section VI. A. 3). The failure of local hidden variables is 
then indicative of a failure of local realism. 



C. Experimental tests of Bell's theorem 



B. Bell's theorem 



The EPR paper concludes by referring to theories that 
might complete quantum mechanics: "..we have left open 
the question of whether or not such a description ex- 
ists. We believe, how ever, that such a theo ry is possible". 
The se minal works of lBeil (|l964j . ll988h and lClauser et 



(1969) (CHSH) clarified this issue, to show that this spec- 
ulation was wrong. Bell showed that the predictions of 
local hidden variable theories (LHV) differ from those of 
quantum mechanics, for the "Bell state", Eq. (|7|). 

Bell-CHSH considered theories for two spatially- 
separated subsystems A and B. As with separable states, 
Eq. ((!]) and Eq. ((5j , it is assumed there exist parameters 
A that are shared between the subsystems and which de- 
note localized - though not necessarily quantum - states 
for each. Measurements can be performed on A and B, 
and the measurement choice is parametrized by 9 and 
4>, respectively. Thus for example, 9 may be chosen 
to be either position and momentum, as in the origi- 
nal EPR gedanken experiment, or an analyzer angle as 
in the Bohm-EPR gedanken experiment. We denote the 
result of the measurement labelled 9 at A cLS Xq , ctlld 
use similar notation for outcomes at B. The assumption 
of Bell's locality is that the probability P [xf |A) for x^ 
depends on A and 9, but is independent of <p\ and simi- 
larly for P (^x^ \X^j. The "local hidden variable" assump- 
tion of Bell and CHSH then implies the joint probability 



P (xn , Xa, ) 



= J d\P(\)P(xf\\)P(x* |A) 



(8) 



where P(A) is the distribution for the A. This assump- 
tion, which we call " Bell-CHSH local realism", differs 
from Eq. for separability, in that the probabilities 
P(xg\X) and P(x^ |A) do not arise from localised quan- 
tum states. From the assumption Eq. ([8]) of LHV, Bell 
and CHSH derived constraints, famously referred to as 
Bell's inequalities. They showed that quantum mechan- 
ics predicts a violation for efficient measurements made 
on Bohm's entangled state, Eq. (?])• 



A violation of modified Bell inequalities, 

that employ auxili ary fair-sampling assumptions 

(Clauser and Shimonv (1978J)j, has been ach ie ved b y 



Freedman and Clauser (197 
Fry and Thompson! ( 1976) 



Kasdav et al. 



Aspec t et al 



Shih and AllevT l|l988i lOu and Mandell (|l988h and 



others. Most of these experiments employ photon pairs 
created via atomic transitions or using non-linear optical 
techniques such as optical parametric amplification. 
These methods provide an exquisite source of highly 
entangled photo ns in a Bell-s t ate. Causal separation 
was achieved by 
improvements by 



Aspect et all (1 1982T) . with subsequent 
Weihs et all lfl998). 



However, the low optical and photo-detector effi- 
ciencies for counting individual photons (~ 5% in 



the IWeihs et all <j 1998h experiment) prevent the orig- 
inal Bell inequality from being violated. The orig- 
inal Bell inequality requires a threshold effici e ncy o f 
83% (t? ~ 0.83) per d etector llGarg and Merminl <|l987l ): 
IClauser and Shimonvi (fl978h : lFrv etaiT jl995)). in order 
to exclude all local hidden variable theories. For lower ef- 
ficiencies, one can construct local hid den variable theories 
to exp la in the ob s erved correlations 1 Clauser and Home! 
( 1974 ): iLarssonl (1999)). Never theless, t h ese ex peri- 
ments, elegan tly summarized by IZeilingeil (| 1999h and 
lAspectl 420 02), exclude the most appealing local realis- 
tic theories and thus represent strong evidence in favor 
of abandoning the local realism premise. 

While highly efficient e xperimental violat ions of Bell's 
inequalities in ion traps i Rowe et all ( 200lh ) have been 
reported, these have been limited to situations of poor 
spatial separation between measurements on subsys- 
tems. A conclusive experiment would require both 
hig h efficiency a nd ca usal s eparations , as su ggested 
by iKwiat et all (|l994h . and iFrv et all l|l995l ). Re- 
orted system effi ciencies are currently up to 51% 
U'Ren et all |200J)), while typical photo-diode single- 
photon detection effic i encies are now 60% or more 
(jPolvakov and Migdalll (<2007l )). and further improve- 
ments up to 8 8% w ith more specialized detectors 
( Takeuchi et all ( 1999h ) makes a future loophole-free ex- 
periment not impossible. 
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IV. EPR ARGUMENT FOR REAL PARTICLES AND FIELDS of the estimate from the actual value, so that 



In this Colloquium, we focus on the realization of the 
original EPR paradox. To recreate the precise gedanken 
proposal of EPR, one needs perfect correlations between 
the positions of two separated particles, and also between 
their momenta. This is physically impossible, in practice. 

In order to demonstrate the existence of EPR correla- 
tions for real experiments, one therefore needs to mini- 
mally extend the EPR argument, in particular their def- 
inition of local realism, to situations where there is less 
than perfect correlation 3 . We point out that near per- 
fect correlation of the detected photon pairs has been 
achieved in the seminal "a p osteriori" real i zation of the 
EPR gedanken experiment by I Aspect et al\ 1 198lh . How- 
ever, it is debatable whether this can be regarded as a 
rigorous EPR experiment, because for the full ensemble, 
most counts at one detector correspond to no detection 
at the other. 

The stochastic extension of EPR's local realism is that 
one can predict with a specified probability distribution 
repeated outcomes of a measurement, remotely, so the 
"values" of the elements of reality are in fact those prob- 
ability distributions. This definition is the mean ing of 
"local realis m" in the te xt below. As considered by lFurryl 
(1936) and|ReidJ §989), this allows the derivation of an 
inequality whose violation indicates the EPR paradox. 

We consider non-commuting observables associated 
with a subsystem at A, in the realistic case where mea- 
surements made at B do not allow the prediction of out- 
comes at A to be made with certainty. Like EPR, we 
assume causal separation of the observations and the va- 
lidity of quantum mechanics. Our approach applies to 
any non-commuting observables, and we focus in turn on 
the continuous variable and discrete cases. 



A. Inferred Heisenberg inequality: continuous variable case 

Suppose that, based on a result x B for the measure- 
ment at B, an estimate x es t (is) is made of the result 
x at A. We may define the average error A in fX of this 
inference as the root mean square (RMS) of the deviation 



3 The extension of local realism, to allow for real experiments, w as 
also necessary in the B ell case ijClauser and Shimonvl l|l978l 11. 
Bell's original inequality i Belli il964)) pertained only to local hid- 
den variables that predetermine outcomes of spin with absolute 
certainty. These deterministic hidden variables follow naturally 
from EPR's local realism in a situation of perfect correlation, 
but were t oo restrictive otherw i se. Further Bell and CHSH in- 
equalities jClauser et all l|l969l 1; lBelll l|l97ll ); IClauser and Horilel 
were derived that allow for a stochastic predetermin- 
ism, where local hidden variables give probabilistic predictions 
for measurements. This stochastic local realism of Bell-CHSH 
follows naturally from the stochastic extension of EPR's local 
realism to be given here, as explained in Section VI. A. 



\ n fX = J dxdx P(x, x B ) (x - x est (x B )) ■ (9) 

An inference variance Af n jp is defined similarly. 

The best estimate, which minimizes Ai n fX, is given 
by choosing x es t for each x B to be the mean (x\x B ) of 
the conditional distribution P (x | x B ) . This is seen upon 
noting that for each result x B , we can define the RMS 
error in each estimate as 



A 2 



(x\x B ) = JdxP(x\x B ) (x-x est (x B )Y 



(10) 

The average error in each inference is minimized for 



when each A? n j 



x \ x 



becomes the 



Xest = (x\x B ) 

variance A 2 (x\x B ) of P (x \x B ) . 

We thus define the minimum inference error Ai n fX for 
position, averaged over all possible values of 



V: 



A\B 



— A in fS 



= / dx B P (x B ) A 2 



(11) 



where P (x B ) is the probability for a result x B upon mea- 
surement of x B . This minimized inference variance is the 
average of the individual variances for each outcome at 
B. Similarly, we can define a minimum inference vari- 
ance, V^ B , for momentum. 

We now derive the EPR criterion applicable to this 
more general situation. We follow the logic of the orig- 
inal argument, as outlined in Section II. Referring back 
to Fig. |T|), we remember that if we assume local realism, 
there will exist a predetermination of the results for both 
x and p. In this case, however, the predetermination is 
probabilistic, because we cannot "predict with certainty" 
the result x. We can predict the probability for x how- 
ever, based on remote measurement at B. We recall the 
"element of reality" is a variable, ascribed to the local 
system A, as part of a theory, to quantify this predeter- 
mination. The "e lement o f realit y" ^ associated with x 
is, in the words of lMerminl (|l990h that '■''predictable value" 
for a measurement at A, based on a measurement at B, 
which "ought to exist whether or not we actually carry 
out the procedure necessary for its prediction, since this 
in no way disturbs it". Given the EPR premise and our 
extension of it, we deduce that "elements of reality" still 
exist, but the "predictable values" associated with them 
are now probability distributions. 

This requires an extension to the definition of the el- 
ement of reality. As before, the (x^ is a variable which 
takes on certain values, but the values no longer repre- 
sent a single predicted outcome for result x at A, but 
rather they represent a predicted probability distribution 
for the results x at A. Thus each value for fi^ defines a 
probability distribution for x. Since the set of predicted 
distributions are the conditionals P(x\x B ), one for each 
value of x B , the logical choice is to label the element of 
reality by the outcomes x B , but bearing in mind the set of 
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predetermined results is not the set {z 5 }, but is the set 
of associated conditional distributions {P(x\x B )} . Thus 
we say if the element of reality (i£ takes the value x B , 
then the predicted outcome for x is given probabilistically 
as P(x\x B ). 

Such probab ility distribut i ons ar e also impl i cit in the 
extensions by IClauser et ail l| 1969ft and iBelll l|l988ft of 
Bell's theorem to systems of less-than-ideal correlation. 
The P(xg | A) used in Eq. ([8]) is the probability for a re- 
sult at A given a hidden variable A. The "element of real- 
ity" and "hidden variable" have similar meanings, except 
that the element of reality is a special "hidden variable" 
following from the EPR logic. 

To recap the argument, we define (t£ as a variable 
whose values, mathematically speaking, are the set of 
possible outcomes x B . We also define P(x\[i™) as the 
probability of observing the value x for the measurement 
x, in a system A specified by the 'element of reality' 



Thus the observation of V£, B V^\ B < 1, or more generally, 
A mf xA mfP < 1 (14) 

is an EPR crit erion , meaning th at this would imply an 
EPR paradox (|Reidl (l989l l2004ft ). 

One can in principle use any quan tum uncertainty 
constraint (Cavalcanti and Reidl Take for ex- 

ample, the relation A 2 (x\fj,£) + A 2 (p\fJ,p) > 2, which 
follows from that of Heisenberg. From this we derive 

V a\b + V a\b > 2 ' t0 impiy that 



A 2 nf x + A 2 infP < 2 



(15) 



is also an EPR criterion. On the face of it, this is less 
useful; since if (TTBI) holds, then lfl4l) must also hold. 



We might also ask, what is the probability that B. Criteria for the discrete EPR paradox 



the element of reality has a certain value, namely, what 
is P(/z^ )? Clearly, a particular value for \x A occurs with 
probability P ((J>£) — P(x B ). This is because in the local 
realism framework, the action of measurement at B (to 
get outcome x B ) cannot create the value of the element 
of reality fj,^, yet it informs us of its value. 

An analogous reasoning will imply probabilistic ele- 
ments of reality for p at A, with the result that two ele- 
ments of reality fi£,Hp are introduced to simultaneously 
describe results for the localized system A. We introduce 
a joint probability distribution P(^,/Zp) for the values 
assumed by these elements of reality. 

It is straightforward to show from the definition of Eq 
(fTTTl that if V^ B V^, B < 1, then the pair of elements of 
reality for A cannot be consistent with a quantum wave- 
function. This indicates an inconsistency of local real- 
ism with the completeness of quantum mechanics. To 
do this, we quantify the statistical properties of the el- 
ements of reality by defining A 2 and A 2 (p\/J.p) 
as the variances of the probability distributions P(x\fx A ) 
and P(p\/j,p). Thus the measurable inference variance is 
a measure of the average indeterminacy: 



TJX 

V A\B 



J d^P(^)A 2 (x\tf) (12) 



d^d^P{^,n^)A 2 (x\n« 



(similarly for V^, g and A 2 n ^p). The assumption that the 

state depicted by a particular pair fj,p has an equiv- 
alent quantum description demands that the conditional 
probabilities satisfy the same relations as the probabili- 
ties for a quantum state. For example, if x and p satisfy 
AxAp > 1, then A (x\fif) A (p\n£) > 1- Simple appli- 
cation of the Cauchy-Schwarz inequality gives 



Ai n fxA in f P > VX\B V A\1 



(13) 



= <A 2 (^))<A 2 (p|^)) 
> |<A(4^)A(p|^))| 2 >l 



The discrete variant of the EPR paradox was treated 
in Section III. Conclusive experimental realization of this 
paradox needs to account for imperfect sources and de- 
tectors, just as in the continuous variable case. 

Criteria sufficient to demonstrate Bohm's EPR 
paradox can be derived with the inferred uncer- 
tainty approach. Using the Heisenberg spin uncer- 
tainty relation AJ^AJ^ > |(j^)|/2, one obtains 



( Cavalcanti and Reidl (2007)) ;he following spin-EPR cri- 
terion that is useful for the Bell state Eq. J7]): 



(16) 



Here (J^) JB is the mean of the conditional distri- 
bution P(j A \J B ). Calculations for Eq. includ- 
ing the effect of detection efficiency r] reveals this 
EPR criterion to be satisfied for rj > 0.62. Fur- 
ther spin-EPR in e qualiti es have recently been derived 
(jCavalcanti et al\ 1 2007aft ). employing quantum uncer- 
tainty relations involving sums , rather than the products 
(Hofmann and Takeuchil (2003ft ). A constraint on the de- 
gree of mixing that can still permit an EPR paradox for 
th e Bell state of Eq Q c an be deduced from an analysis 
by Wiseman et al\ (2007ft . These authors report that the 
IWernerl ( 1989ft state p w = (1 — pw)\ +Pw\ip)(ip\, which 



is a mixed Bell state, requires pw > 0.5 to demonstrate 
"steering", which we show in Section VI. A is a necessary 
condition for the EPR paradox. 

The concept of spin-EPR has been experimentally 
tested in the continuum limit with purely optical sys- 
tems for states where (J^) ^ 0. In this case the EPR 
crite rion, linked closely t o a d e finition of spin squeez - 
ing dKitagawa and Uedal (Il993ft: ISeirensen et al\ (200ll ): 
iKorolkova et all (2002ft : iBowen et all (2002ah ). 



A J A A J A 



<5lW>l 



(17) 
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has been derived by iBowen et all (|2002bh . and used to 
demonstrate the EPR paradox, as summarized in Sec- 
tion VII. Here the correlation is described in terms of 
Stokes operators for the polarization of the fields. The 
experiments take the limit of large spin values to make a 
continuum of outcomes, so high efficiency detectors are 
used. 

We can now turn to the question of whether existing 
spin-half or two-photon experiments were able to conclu- 
sively demonstrate an EPR paradox. This depends on 
the overall efficiency, as in the Bell inequality case. Gen- 
erating and detecting pairs of photons is generally rather 
inefficient, al t hough results of up to 51% were reported by 
lU'Ren et ai\ J2004). This is lower than the 62% thresh- 
old given above. We conclude that efficiencies for these 
types of discrete experiment are still too low, although 
there have been steady improvements. The required level 
appears feasible as optical technologies improve. 



C. A practical linear-estimate criterion for EPR 

It is not always easy to measure conditional distri- 
butions. Nevertheless, an inference variance, which is 
the variance of the conditional distribution, has been 
so measured for tw in beam intensity distributions by 
IZhang et al\ (|2003bh . who achieved A? n/ x=0.62. 

It is also possible to demonstrate an EPR correlation 
using criteria based on the measurement of a sufficiently 



reduced noise in the appropriate sum or difference x—gx 
and p + g'p B (w here here q , g' are real numbers) . This 
was proposed by lReidl |l989) as a practical procedure for 
measuring EPR correlations. 

Suppose that an estimate x es t of the result for x at 
A, based on a result x B for measurement at B, is of the 
linear form x es t — gx B + d. The best linear estimate x es t 
is the one that will minimize 



%f x = ({x- (gx B + d)} 2 } 



(18) 



The best choices for g and d minimize A 2 n ^x and can be 
adjusted by experiment, or calculated by linear regres- 
sion to be d = (x— gx B ), g = (x,x B ) /A 2 x B (where 
we define (x,x B ) = (ra B ) — (x) (a; 5 ))- There is also 
an analogous optimum for the value of g' . This gives a 
predicted minimum (for linear estimates) of 



A 



inf" 



gx B ) = A 2 x 



B\2 



(x,x B ) 
A 2 x B 



(19) 



We note that for Gaussian states (Section VI) this best 
linear estimate for x, given x B , is equal to the mean of the 

conditional distribution P(x\x B ), so that A 2 nf x = 

min,L 

V\\ B where V^\ B is the variance of the conditional dis- 
tribution, and this approach thus automatically gives the 
minimum possible A,„ji. 
The observation of 



is sufficient to imply Eq. (|23|) . which is the condition for 
the correlation of the original EPR paradox. T his was 
first experimentally achieved by lOu et all ( 19921 ). 

We note it is also possible to present an EPR cri- 
terion in terms of the sum of the variances. Using 
(fl5|l . on putting A 



A 2 (P 



inf 



gx B ) and A 2 nf p 



g'p ) we arrive at the linear EPR criterion 



A 2 {x-gx B ) + A 2 (p- 



g' P B ) < 2. 



(21) 



Strictly speaking, to carry out a true EPR gedanken 
experiment, one must measure, preferably with causal 
separation, the separate values for the EPR observables 
x, x B , p and p B . 



D. Experimental criteria for demonstrating the paradox 

We now summarize experimental criteria sufficient to 
realize the EPR paradox. To achieve this, one must have 
two spatially separated subsystems at A and B. 

(1): First, to realize the EPR paradox in the spirit in- 
tended by EPR it is necessary that measurement events 
at A and B be causally separated. This point has 
been extensively discussed in literature on Bell's inequal- 
ities and is needed to justify the locality assumption, 
given that EPR assumed idealized instantaneous mea- 
surements. If c is the speed of light and tA and t B are 
the times of flight from the source to A and B, then the 
measurement duration At, time for the measurements at 
A and B and the separation L between the subsystems 
must satisfy 



L > c(t A -t B + At). 



(22) 



A 2 (a 



gx- 



*)A 2 (p + g'p B )<l 



(20) 



(2): Second, one establishes a prediction protocol, 
so that for each possible outcome of a measurement at 
B, one can make a prediction about the outcome at A. 
There must be a sufficient correlation between mea- 
surements made at A and B. The EPR correlation is 
demonstrated when the product of the average errors in 
the inferred results x es t and p es t for x and p at A falls be- 
low a bound determined by the corresponding Heisenberg 
Uncertainty Principle. 

In the continuous variable case where x and p are such 
that AxAp > 1 this amounts to 

£ = A mf xA infP < 1, (23) 

where we introduce for use in later sections a symbol £ 
for the measure of the inference (conditional variance) 
product Ai n fxAi n fp. Similar criteria hold for discrete 
spin variables. 



V. THEORETICAL MODEL FOR A CONTINUOUS 
VARIABLE EPR EXPERIMENT 

A. Two-mode squeezed states 

As a physically realizable example of the original con- 
tinuous variable EPR proposal, suppose the two sys- 
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(X A ±gX B ) 



(Y A ±gY B ) 



I Homodyne A S^j*/ \ 




Figure 3 (Color online) Schematic diagram of the measure- 
ment of the EPR paradox using field quadrature phase am- 
plitudes. Spatially separated fields A and B radiate outwards 
from the EPR source, usually Eq. l[24|) . The field quadra- 
ture amplitudes are symbolised Y and X. The fields combine 
with an intense local oscillator LO field, at beam splitters BS. 
The outputs of each BS are detected by photodiodes and their 
difference current is proportional to the amplitude F or X, 
depending on the phase shift 9. A gain g is introduced to 
read out the final conditional variances, Eq. I|30p. Here t\a 
and t]b are the non-ideal efficiencies that model losses, defined 
in Section V. 



In our case, the EPR observables are the quadrature 
phase amplitudes, as follows: 



x = x = a' + a, 
p = Y A = i - a) , 



P +b, 



P 



= Y = i 



-b 



(25) 



The Heisenberg uncertainty relation for the orthogonal 
amplitudes is AX A AY A > 1. Operator solutions at time 
t can be calculated directly from Hi using the rotated 
Heisenberg picture, to get 

X A{B \i) = X A(B) (0)cosh(r) +X B(A) (0)sinh(r) 
Y A ( B \t) = Y AiB H0)cosh(r)-Y BiA \0)smh{rp6) 

where AT^^O), Y A ^(0) are the initial "input" ampli- 
tudes. As r -> oo, X A = X B and Y A = -Y B , which 
implies a "squeezing" of the variances of the sum and 
difference quadratures, so that A 2 (X A — X B ) < 2 and 
A 2 (Y A + Y B ) < 2. The correlation of X A with X B and 
the anti-correlation of Pa with Pb , that is the signature 
of the EPR paradox, is transparent, as r — > oo. 

The "EPR" state Eq. (J24j) is an example of a bipar- 
tite Gaussian state, a state whose Wigner function has a 
Gaussian form 



tems A and B are localized modes of the electromag- 
netic field, with frequencies lua.b and boson opera- 
tors a and 6 respectively. These can be prepared in 
an E PR-correlated state using pa r ametric down conver- 
sion (iDrummond and R eid (1990); R eid and Drummondl 



(|l988l . ll989l )~ Using a coherent pump laser at frequency 



w^ + ws, and a nonlinear optical crystal which is phase- 
matched at these wavelengths, energy is transferred to 
the modes. As a result, these modes become correlated. 

The parametric coupling can be described conceptu- 
ally by the interaction Hamiltonian Hj = ihnffib^ —ab), 
which acts for a finite time t corresponding to the transit 
time through the nonlinear crystal. For vacuum initial 
states |0, 0) this interaction g e nerat es two-mode squeezed 
light ( Caves and Schumakerl (|l985t l). which corresponds 
to a quantum state in the Schrodinger picture of: 



n=0 



(24) 



where c„ = tanh"r/ cosh r , r — nt, and \n) are num- 
ber states. The parameter r is called the squeezing pa- 
rameter. The expansion in terms of number states is 
an example of a Schmidt decomposition, where the pure 
state is written with a choice of basis that emphasizes the 
correlation that exists, in this case between the photon 
numbers of modes a and b. The Schmidt decomposi- 
tion, which is not unique, is a useful tool for ide n tifyin g 
the pairs of EPR observa b les jEkert and Knightl |l995); 
iHuang and Eberlvl (|l993h : lLaw et all ^OOcf v 



W(x) 



1 



W-^x-MfC-^x-M)] (27) 



where x = (a;i, #4) = (x,p, x B ,p B ) and we define the 
mean p = (x) and the covariance matrix C, such that 
dj = (xi,Xj) — (xi,Xj), (v,w) — (vw) — (v) (w) . We note 
the operator moments of the x < correspond directly to the 
corresponding c-number moments. The state f24|) yields 
fi = and covariance elements Ca — A 2 Xi = cosh(2r), 
C13 = (x,x B ) = -C24 = -(P,P B ) = sinh(2r). 

We apply the linear EPR criterion of Section IIV.C1 
For the Gaussian states, in fact the best linear estimate 
x es t for x, given x B , and the minimum inference variance 
^■infX correspond to the mean and variance of the appro- 
priate conditionals, P(x\x B ) (similarly for p) . This mean 
and variance are given as in Section BV.CI The two- mode 
squeezed state predicts, with g = g' = tanh (2r), 



l/cosh(2r) . 



(28) 



Here x — X A is correlated with X B , and p — Y A is 
anti-correlated with Y B . EPR correlations are predicted 
for all nonzero values of the squeeze parameter r, with 
maximum correlations at infinite r. 

Further proposals for the EPR paradox that use the 
linear criterion, Eq. l[20l). have been put forwa rd by 
iTara and Agarwall l|l994l ). iGiovannetti et all (|200lh have 
presenting an exciting scheme for demonstrating the EPR 
paradox for massive objects using radiation pressure act- 
ing on an oscillating mirror. 
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B. Measurement techniques 



C. Effects of loss and imperfect detectors 



Quadrature phase amplitudes can be measured us- 
ing homodyne detection techniques developed for the 
detection of squ eezed light fields. In the e xperimen- 
tal pro posal of Drummond and Reidl (|l990h . carried 
out by lOu et al ( 19921 ). an intracavity nondegener- 
ate downconversion scheme was used. Here the out- 
put modes are multi-mode propagating quantum fields, 
whic h must be treated using qua n tum input-output the- 
ory (|Collett and Gardiner! (Il984h; iDrummond and Ficekl 



2004f ); lGardiner and Zollerl lj2000h . Single time-domain 
modes are obtained through spectral filtering of the 
photo-current. These behave effectively as described in 
the simple model given above, together with corrections 
for cavity detuning and nonlinearity that are negligible 
near resonance, and no t too close to the critical threshold 
(jDechoum et al\ (|2Q04 )). 

At each location A or B, a phase-sensitive, balanced 
homodyne detector is used to detect the cavity output 
fields, as depicted in Fig. [3j Here the field a is com- 
bined (using a beam splitter) with a very intense "local 
oscillator" field, modeled classically by the amplitude E, 
and a relative phase shift 9, introduced to create in the 
detector arms the fields a± = (a± Ee ie )/V2 ■ Each field 
is detected by a photodetector, so that the photocurrent 

A 



t± is proportional to the incident field intensity a±a±. 
The difference photocurrent = i\ gi ves a reading 
which is proportional to the quadrature amplitude X A , 



i£ oc Ex A = £(aV' 



ae 



-i(>\ 



(29) 



The choice 8 = gives a measurement of X A , while 
9 = 7r/2 gives a measurement of Y A . The fluctuation 
in the difference current is, according to the quantum 
theory of detection, directly proportional to the fluctu- 
ation of the field quadrature: thus, A 2 i^ gives a mea- 
sure proportional to the variance A 2 X A . A single fre- 
quency component of the current must be selected using 
Fourier analysis in a time-window of duration At, which 
for causality should be less than the propagation time, 
L/c. 

A difference photocurrent z£ defined similarly with re- 
spect to the detectors and fields at B, gives a measure of 
£ b = 1\ e i4> + be- lc >>. The fluctuations in X A - gXf are 
proportional to those of the difference current ip — 
where g = g B /g A , and g 1 indicates any amplification of 
the current i 1 before subtraction of the currents. The 
variance A 2 (ip — gip) is then proportional to the vari- 
ance A 2 (X A - gX?), so that 



A 2 (i A -gi%)cx£%Xf-gX?) 



(30) 



In this way the A 2 n j of Eq. lj23"|) can be measured. 
A causal experiment can be analyzed usin g a time- 
dependent local oscillator I Drummond! 1 1990f 0. 



Crucial to the validity of the EPR experiment is the 
accurate calibration of the correlation relative to the vac- 
uum limit. In optical experiments, this limit is the vac- 
uum noise level as defined within quantum theory. This 
is represented as 1 in the right-hand side of the criteria 
in Eqs. (|23)l and (|20)l . 

The standard procedure for determining the vacuum 
noise level in the case of quadrature measurements is to 
replace the correlated state of the input field a at A with 
a vacuum state |0). This amounts to removing the two- 
mode squeezed vacuum field that is incident on the beam- 
splitter at location A in Fig. [3j and measuring only the 
fluctuation of the current at A. The difference photocur- 
rent is then proportional to the vacuum amplitude 
and the variance A 2 ip is calibrated to be 1. 

To provide a simple but accurate model of detection in- 
efficiencies, we consider an imaginary beam splitter (Fig. 
[3j placed before the photodetector at each location A 
and B, so that the detected fields a at A and b at B 
are the combinations a = 
b = 



/ VA~ao + V 1 ^AO-vac and 
Here a vac and b vac repre- 



sent uncorrelated vacuum mode inputs, So and bo are the 
original fields and T)a/b gives the fractional homodyne ef- 
ficiency due to optical transmission, mode-matching and 
photo-detector losses at A and B respectively. Details of 
th e modeling of the detection losses were also discussed 
bv lOu et a?I(|l992bh . Since the loss model is linear, the 
final state, although no longer pure, is Gaussian, Eq. 
(|27jl . Thus results concerning necessary and sufficient 
conditions for entanglement/ EPR that apply to Gaus- 
sian states remain useful . This model for los s has been 
experimentally tested by iBowen et all l|2003al ) . 

The final EPR product where the original fields are 
given by the two- mode squeezed state, Eq. ([24]), is 

A X A A Y A — 1 [cosh(2r)-l][2^-l] 
™ AmfY -^[l-^+^cosh^)] (31) 

We note the enhanced sensitivity to tjb as compared to 
the loss t]a at the "inferred" system A. It is the loss t)b 
at the "steering" system B that determines whether the 
EPR paradox exists. The EPR paradox criterion ([23j) is 
satisfied for all t\b > 0.5, provided only that f]A,r ^ 0. 
On the other hand, for all i]b < 0.5 it is always the 
case, at least for this situation of symmetric statistical 
moments for fields at A and B, that the EPR paradox is 
lost: A in fX A A in fY A > 1 (regardless of ija or r). 

The inherently asymmetric nature of the EPR criterion 
is evident from the hump in the graph of Fig. [H This 
is a measure of the error when an observer at B ("Bob") 
attempts to infer the results of measurements that might 
be performed (by "Alice") at A. The EPR criterion re- 
flects an absolute measure of this error relative to the 
quantum noise level of field A only. Loss destroys the 
correlation between the signals at A and B so that when 
loss is dominant, Bob cannot reduce the inference vari- 
ance below the fluctuation level A 2 X A of Alice's signal. 
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Figure 4 Effect of detector efficiencies r]A and r\B on the 
EPR paradox. Plot is E = A in fX A Ai„fY A for a two- mode 
squeezed state with r = 2: t]a = t]b = t] (solid line); fixed 
?7A = 1 but varying r\ = t)b (dashed line); fixed r\B = 1 but 
varying r\ = t\a (dashed-dotted line). The EPR paradox is 
sensitive to the losses tjb of the "steering" system B, but in- 
sensitive to tja, those of the "inferred" system A. No paradox 
is possible for x]b < 0.5, regardless of r]A, but a paradox is 
always possible with 77s > 0.5, provided only t\a > 0. 



By co ntrast, calculation using the criterion of lDuan et ali 
(2000) indicates entanglement to be preserved for arbi- 
trary 77 (Section VII). 

The effect of dec oherence on ent a nglem ent is a topic 
of current interest ( Eberlv and Yul ( 20071 )). Disentan- 
glement in a finite ti me or 'entanglement sudden death' 
has been reported by lYu and Eberlyl ( 20041 ) for entangled 
qubits independently coupled to reservoirs that model 
an external environment. By comparison, the continu- 
ous variable entanglement is remarkably robust with re- 
spect to efficiency 77. The death of EPR-entanglement at 
i] = 0.5 is a different story, and applies generally to Gaus- 
sian states that have symmetry with respect to phase and 
interchange of A and B. 

A fundamental difference between the continuous- 
variable EPR experiments and the experiments proposed 
by Bohm and Bell is the treatment of events in which no 
photon is detected. These null events give rise to loop- 
holes in the photon-counting Bell experiments to date, as 
they require fair-sampling assumptions. In continuous- 
variable measurements, events where a photon is not de- 
tected simply correspond to the outcome of zero photon 
number a±a±, so that = 0. These events are there- 
fore automatically included in the measure £ of EPR 4 . 



4 There is however the assumption that the experimental mea- 
surement is faithfully described by the operators we assign to it. 
Thus one may claim there is a loophole due to the model of loss. 
ISkwara et al\ ll2007l ) discuss this point, of how to account for an 
arbitrary cause of lost photons, in relation to entanglement. 



Our calculation based on the symmetric two-mode 
squeezed state reveals that efficiencies of 77 > 0.5 are 
required to violate an EPR inequality. This is more 
easily achieved than t he st ringent efficiency criteria of 
IClauser and Shimonvl ( 197ct ) for a Bell inequality viola- 
tion. It is also lower than the threshold for a spin EPR 
paradox (Section IV. B). To help matters further, homo- 
dyne detection is more efficient than single-photon de- 
tection. Recent experiments obtain overall efficiencies o f 
77 > 0.98 for quadra ture detection ( Suzuki et ali (2006); 
IZhang et ali 1 2003a! )). owing to the high efficiencies pos- 
sible when operating silicon photo-diodes in a continuous 
mode. 



VI. EPR, ENTANGLEMENT AND BELL CRITERIA 

In this Colloquium, we have understood a "demonstra- 
tion of the EPR paradox" to be a procedure that closely 
follows the original EPR gedanken experiment. Most 
generally, the EPR paradox is demonstrated when one 
can confirm the inconsistency between local realism and 
the completeness of quantum mechanics, since this was 
the underlying EPR objective. 

We point out in this Section that the inconsistency 
can be shown in more ways than one. There are many 
uncertainty relations or constraints placed on the statis- 
tics of a quantum state, and for each such relation there 
is an EPR criterion. This has been discussed for the 
case of entanglement by Guhnel 1 20041 ). and for EPR by 
ICavalcanti and Reidl ( 2007 ). It is thus possible to estab- 
lish a whole set of criteria that are sufficient, but may 
not be necessary, to demonstrate an EPR paradox. 



A. "Steering" 

The demonstration of an EPR paradox is a nice way 
to confirm the nonlocal effect of Schrodinger's "steer- 
i ng", a reducti o n of the wave-packet at a distance 
(Wi seman et ali l|2007j )). 



An important simplifying aspect of the original EPR 
paradox is the asymmetric application of local realism to 
imply elements of reality for one system, the "inferred" 
or "steered" system. Within this constraint, we may gen- 
eralize the EPR paradox, by applying local realism to 
all possible measurements, and testing for consistency of 
all the elements of reality for A with a quantum state. 
One may apply I Cavalcanti et al\ 1120081)1 the arguments 
of Section IV and the approach of lWiseman et ali (2007) 
to deduce the following condition for such consistency: 



d\P{\)P Q {4\\)P{x*\\). (32) 



Here, notation is as for Eqs. (J5j) and ®, so that 
P(xf, x^) is the joint probability for results xf and x^ of 
measurements performed at A and B respectively, these 
measurements being parametrized by 9 and <fi. The A is 
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a discrete or continuous index, symbolizing hidden vari- 
able or quantum states, so that Pq(x£\X) and P(x^\X) 
are both probabilities for outcomes given a fixed A. Here 
as in Eq. ((5j) , Pq {xf\X) = {xg~\p\\x^) for some quantum 
state px, so that this probability satisfies all quantum 
uncertainty relations and constraints. There is no such 
restriction on P B (x B \X). 

Eq. ([32| has been derived recently by I Wiseman et all 
(|2007h . and its failure defined as a condition to demon- 
strate "steering". These authors point out that Eq. lj32|) 
is the intermediate form of Eq. (5]) to prove entangle- 
ment, and Eq. (8j used to prove failure of Bell's local 
hidden variables. The failure of ([32)1 may be considered 
an EPR paradox in a generalized sense. The EPR para- 
dox as we define it, which simply considers a subset of 
measurements, is a special case of "steering". 

These authors also show that for quadrature phase am- 
plitude measurements on bipartite Gaussian states, Eq. 
(|32| fails when, and only when, the EPR criterion Eq. 
([23)1 (namely Ai n fxAi n fp < 1) is satisfied. This ensures 
that this EPR criterion is necessary and sufficient for the 
EPR paradox in this case. 



B. Symmetric EPR paradox 

One can extend the EPR argument further, to con- 
sider not only the elements of reality inferred on A by B, 
but those in ferred on B by A. It has been discussed by 
iReidl 1 2004h that this symmetric application implies the 
existence of a set of shared "elements of reality", which 
we designate by A, and for which Eq. ([5]) holds. This 
can be seen by applying the reasoning of the previous 
section to derive sets of elements of reality Xa/b for each 
of A and B (respectively), that can be then shared to 
form a complete set {A^4, Xb}- Explicitly, we can substi- 



tute P(x B \X A ) = Ex B P(x^\Xb)P(Xb\Xa) into (32]) to 
get JH]). Thus, EPR's local realism can in principle be 
extrapolated to that of Bell's, as defined by (HJ). 

Where we violate the condition (5J for separability, to 
demonstrate entanglement, it is necessarily the case that 
the parameters A for each localized system cannot be rep- 
resented as a quantum state. In this way, the demonstra- 
tion of entanglement, for sufficient spatial separations, 
gives inconsistency of Bell's local realism with complete- 
ness of quantum mechanics, and we provide an explicit 
link between entanglement and the EPR paradox. 



C. EPR as a special type of entanglement 

While generalizations of the paradox have been pre- 
sented, we propose to reserve the title "EPR paradox" 
for those experiments that minimally extend the origi- 
nal EPR argument, so that criteria given in Section IV 
are satisfied. It is useful to distinguish the entanglement 
that gives you an EPR paradox - we will define this to be 
"EPR-entanglement" - as a special form of entanglement. 



The EPR-entanglement is a measure of the ability of one 
observer, Bob, to gain information about another, Alice. 
This is a crucial and useful feature of many applications 
(Section X). 

Entanglement itself is not enough to imply the strong 
correlation needed f or an EPR paradox. As shown by 
iBowen et al\ I 2003a[h where losses that cause mixing of 
a pure state are relevant, it is possible to confirm en- 
tanglement where an EPR paradox criterion cannot be 
satisfied (Section VII). That this is possible is understood 
when we realize that the EPR paradox criterion demands 
failure of Eq. (32|) . whereas entanglement requires only 
failure of the weaker condition Eq. (5j . The observation 
of the EPR paradox is a stronger, more direct demon- 
stration of the nonlocality of quantum mechanics than is 
entanglement; but requires greater experimental effort. 

That an EPR paradox implies entanglement is most 
readily seen by noting that a separable (non-entangled) 
source, as given by Eq. (4]), represents a local realis- 
tic description in which the localized systems A and B 
are described as quantum states pf^ B ■ Recall, the EPR 
paradox is a situation where compatibility with local re- 
alism would imply the localized states not to be quantum 
states. We see then that a separable state cannot give 
an EPR parad o x. Explicit proofs h ave been presented 
by IReidl J2004h. iMallon et all ([2008) and, for tripartite 



Olsen et ~ alf faoOG). 



situations, 

The EPR criterion in the case of continuous variable 
measurements is written, from (201) 



£ = A 1 



gx 



A(p 



9'P B ) 



< 1 



(33) 



where g and g' are adjustable and arbitrary scaling pa- 
rameters that would ideally minimise £ . The experimen- 
tal confirmation of this inequality would give confirma- 
tion of quantum inseparability on demand, without post- 
selectio n of data. This was first carried out experimen- 
tally bv lOu et all (|lQQ2h . 

Further criteria sufficient to prove entanglement for 
continuous variab le m easurements were presented by 
iDuan et all fcOOlll and Is imonj (|2000h . who adapted the 
PPT criterion of IPeresI 71996). These criteria were de- 
rived to imply inseparability (entanglement) rather than 
the EPR paradox itself and represent a less stringent re- 
quirem ent of correlation. The criterion of IDuan et all 
(2000), which gives entanglement when 



D= [A 2 (x-x B ) + A 2 (p + p B )}/4< 1, (34) 

has been used extensively to experimentally confirm con- 
tinuous variable entanglement (refer to references of Sec- 
tion XI). The criterion is both a necessary and sufficient 
measure of entanglement for the important practical case 
of bipartite symmetric Gaussian states. 

We note we achieve the correlation needed for the EPR 
paradox, once D < 0.5. This becomes transparent upon 
noticing that xy < (x 2 + y 2 )/2, and so always A(x — 
x B )A(p ~ p B ) < 2D. Thus, when we observe D < 0.5, 
we know A(x — x B )A(p + p B ) < 1, which is the EPR 
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criterion f33|) for g = g' = 1. The result also follows 
directly from ([2~Tj) . which gives, on putting g = g' = 1, 



D = [A 2 {x - x B ) + A 2 (p + p B )}/4 < 0.5 



(35) 



as sufficient to confirm the correlation of the EPR para- 
dox. We note that this criterion, though sufficient, is 
not necessary for the EPR paradox. The EPR criterion 
((HI) is more powerful, being necessary and sufficient for 
the case of quadrature phase measurements on Gaussian 
states, and can be used as a measure of the degree of 
EPR paradox. The usefulness of criterion ([2~Tj) is that 
many experiments have reported data for it. From this 
we can infer an upper bound for the conditional variance 
product, since we know that £ < 2D. 

Recent work explores measures of entanglement that 
might be useful for non-Gaus sian and tri-pa rt ite st ates. 
Entanglement of formation I Bennett et all ( 1996h 1 is 
a necessary and sufficient condition for all entangled 
states, and has been me asured for symmetri c Gaussian 

per- 



states, as outlined by Giedke et all (120031) and 



formed by Ijosse Vet all (|2004h and Glockl et all (l2004fl 
There has been further work l Agarwal and B iswas 



(2005); Guhn el d20ol: iGiihne and Lutkenhausl (12006): 
iHillerv and Zubairvl (|2006h : IShchukin and Vogell ([2005)) 
although little that focuses directly on the EPR 
paradox. Inseparability and EPR criteria hav e been con- 
sidere d however for tri partit e s ystems (lAoki et all 



(2003); Bra dley et all 



Ivan Loock and Furusaw a (2003); Villar et 



Jing et 



,2003); 
2006)). 



D. EPR and Bell's nonlocality 

A violation of a Bell inequality gives a stronger conclu- 
sion than can be drawn from a demonstration of the EPR 
paradox alone, but is more difficult to achieve experimen- 
tally. The predictions of quantum mechanics and local 
hidden variable theories are shown to be incompatible in 
Bell's work. This is not shown by the EPR paradox. 

The continuous variable experiments discussed in Sec- 
tions VI and VII are excelle nt examples of this difference. 
It is well-known ( Belli ( 1988!)) that a local hidden variable 
theory, derived from the Wigner function, exists to ex- 
plain all outcomes of these continuous variable EPR mea- 
surements. The Wigner function c- numbers take the role 
of position and momentum hidden variables. For these 
Gaussian squeezed states the Wigner function is positive 
and gives the probability distribution for the hidden vari- 
ables. Hence, for this type of state, measuring x and p 
will not violate a Bell inequality. 

If the states generated in these entangled continuous 
variable experiments are sufficiently pure, quantum me- 
chanics predicts that it is possible to de monstrate Bell's 
nonlo cali ty for other me as ureme nts dGrangier et 



1988); lOliver and Stroudl l|l989h : IPraxmever et al 
20051 )). This is a general result for al l entangled pure 



(1992)). The violation of Bell's inequalities for continu- 
ous variable (position/ momentum) measurements has 
been pred icted for only a few s t ates, either using binned 
variab les ( Gilchrist et all dl998l l: lLeonhardt and Vaccarc 
(|1995[ ): iMunro and Milburnl [|l998f k IWenger et al. 

; lYurke et all jL999) ) or directly u si ng con tinuous 
multipartite moments (jCavalcanti et all I 2007bl )'l. An 
interesting question is how the degree of inherent EPR 
paradox, as measured by the conditional variances of 
Eq. (|33| . relates quantitatively to the Bell inequality 
violation available. This ha s been explored in part, for 
the Bohm EPR paradox by iFilip et all (|2004j ). 

It has been shown by IWernerl 1 1989f ) that for mixed 
states, entanglement does not guarantee that Bell's lo- 
cal hidden variables will fail for some set of measure- 
ments. One can have entanglement (inseparability) with- 
out a failure of local realism. The same holds for EPR- 
entanglement. For two-qubit Werner states, violation 
of Bell inequalitie s demands greater purity (pw > 0.66 
( Acm et all 1 20061 )') than does the EPR-Bohm paradox, 
which can be realized for pw > 0.62 (Section IV). 



VII. CONTINUOUS-WAVE EPR EXPERIMENTS 

A. Parametric oscillator experiments 

The first continuou s variable test of the EPR para- 
dox was performed bv lOu et all ( 19921 ). These optically- 
based EPR experiments use local-oscillator measure- 
ments with high efficiency photo-diodes, giving overall 
efficien cies of more tha n 80% , even allowing for optical 
losses ((Grosshans et all (|2003h : lOu et all ljl992bf )). This 
is well above the 50% efficiency threshold required for 
EPR. 

Rather than interrogating the position and momen- 
tum of particles as initially proposed by Einstein, Podol- 
sky, and Rosen, analogous but more convenient vari- 
ables were used — the amplitude and phase quadratures 
of optical fields, as described in Secti on V. Th e EPR 
correlated fields in the experiment of lOu et all (1992) 
(Fig. [5} were generated using a sub-threshold nonde- 
generate type II intra-cavity optical parametric oscil- 
l ator in a mann e r pro po sed by Reid and Drummon d 
(iDechoum et all h004): iDrummond and Reidl l|l990l ): 
iReidl (|l989T l: iReid and Drummond! l|l988l )). of a type II 



states, and thus also for EPR states (jGisin and Pered 



non-linear process in which pump photons at some 
frequency Slpump are converted to pairs of correlated 
signal and idler photons with orthogonal polarizations 
and frequencies satisfying ^ s ig na ] + ^idler = ^pump- 
As discussed in Section V, these experiments utilize a 
spectral filtering technique to select an output temporal 
mode, with a detected duration At that is typically of 
order 1/zs or more. This issue, combined with the re- 
stricted detector separations used to date, means that 
a true, causally separated EPR experiment is yet to be 
carried out, although this is certainly not impossible. In 
all these experiments the entangled beams are separated 
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<D(£2, e,,Bj) 



f 2 (0,6 2 ) 



Figure 5 The original EPR parametric downconversion exper- 
iment using an intracavity nonlinear crystal and homodyne 
detection, follo wing the proced ure depicted in Fig. [3] Figure 
reprinted from lOu et all ljl992l ). with permission. 



and propagate into different directions, so the only is- 
sue is the duration of the measurement. This proposal 
uses cavities which are single-mode in the vicinity of 
each of the resonant frequencies, so modes must be spa- 
tially separated after output from the cavity. Another 
possibility is to use multiple transverse modes together 
wit h type I (degenerate ) phas e- matching, as proposed 
bv ICastelli and Lugiatol (|l997t ): [ol sen and Drummondl 
(200J) - 

For an oscillator below threshold and at resonance, we 
are interested in traveling wave modes of the output fields 
at frequencies loa and lob- These are in an approximate 
two-mode squeezed state, with the quadrature operators 
as given by Eq. f26|) . In these steady-state, continuous- 
wave experiments, however, the squeezing parameter r is 
time- independent, and given by the input-output para- 
metric gain G, such that G — e 2r . Apart from the essen- 
tial output mirror coupling, losses like absorption in the 
nonlinear medium cause non-ideal behavior and reduce 
correlation as described in the Section V. 

Restricting ourselves to the lossless, ideal case for the 
moment, we see that as the gain of the process approaches 
infinity (G — > oo) the quadrature operators of beams a 
and b are correlated so that: 



((* A -* B ) a ) 



(( 



Y A + Y B 



(36) 



Therefore in this limit an amplitude quadrature measure- 
ment on beam a would provide an exact prediction of the 
amplitude quadrature of beam b; and similarly a phase 
quadrature measurement on beam a would provide an ex- 
act prediction of the phase quadrature of beam b. This is 
a demon stration of the EPR p aradox in the manner pro- 
posed in lEinstein et all ( 19351 ). An alternative scheme is 



to use two independently squeezed modes 2i,a2, which 
are combined at a 50% beam-splitter so that the two out- 
puts are o,a,b — [ai ± M2] / v2- This leads to the same 
results as Eq. f26j) , and can be implemented if only type-I 
(degenerate) down-conversion is available experimentally. 



B. Experimental Results 

In reality, we are restricted to the physically achievable 
case where losses do exist, and the high non-linearities 
required for extremely high gains are difficult to obtain. 
Even so, with some work at minimizing losses and en- 
hancing the non-linearity, it is possible to observe the 
EPR paradox. Since, in general, the non-linear process 
is extremely weak, one of the primary goals of an experi- 
mentalis t is to find meth ods to enhance it. In the exper- 
iment of lOu et all { 19921 ) the enhancement was achieved 



by placing the non-linear medium inside resonant cavi- 
ties for each of the pump, signal, and idler fields. The 
pump field at 0.54 /zm was generated by an intracav- 
ity frequency doubled Nd:YAP laser, and the non-linear 
medium was a type II non-critically phase matched KTP 
crystal. The signal and idler fields produced by the exper- 
iment were analyzed in a pair of homodyne detectors. By 
varying the phase of a local oscillator, the detectors could 
measure either the amplitude or the phase quadrature 
of the field under interrogation, as described in Section 
V. Strong correlations were observed between the output 
photocurrents both for joint amplitude quadrature mea- 
surement, and for joint phase quadrature measurement. 
To characterize whether their experime nt demon s trated 
the EPR paradox, and by how much, lOu et al\ (1992) 
used the EPR paradox criterion given in Eq. lf23|) and Eq. 
pOll. They observed a value of £ 2 = 0.70 < 1, thereby 



performing the first direct experimental test of the EPR 
paradox, and hence demonstrating entanglement (albeit 
without causal separation). 

was the n further t est ed b y 
2004h : ISchori et al\ l|2002l ): 



The EPF 


" \ 


aradox 


Bowen et al. 


2003al 


Silberhorn et al. 


(l200lh 



Most tests were performed 
using optical param e tric o scillators. Bot h type I 



ismg optical param e tric o scillato 
Bo wen et all (|2003al . l2004h ) and 



type II l|Ou et al 



1992)) optical parametric processes, as well as various 
non-linear media have been utilized. Type I processes 
produce only a single squeezed field, rather than a two 
mode squeezed field, so that double the resources are 
required in order that the two combined beams are 
EPR correlated. However, such systems have signifi- 
cant benefits in terms of stability and controllability. 
Improvements have been made not only in the strength 
and stability of the interacti on, but in the freq uency 
tunability of the output fields (|Schori et all (|2002n ). and 
in overall efficiency. The op timum level o f EPR-p aradox 
achieved to date was by iBowen et all l|2003al ) using 
a pair of type I optical parametric oscillators. Each 
optical parametric oscillator consisted of a hemilithic 
MgO:LiNb03 non-linear crystal and an output coupler. 
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MgO:LiNb03 has the advantage over other non-linear 
crystals of exhibiting very low levels of pump in- 
duced absorptio n at th e signal and idler wavelengths 
(|Furukawa et all 1 200lh . Furthermore, the design, 
involving only one intracavity surface, minimized other 
sources of losses, resulting in a highly efficient process. 
The pump field for each optical parametric amplifier 
was produced by frequency doubling an Nd:YAG laser 
to 532 nm. Each optical parametric amplifier produced 
a single squeezed output field at 1064 nm, with 4.1 dB 
of observed squeezing. These squeezed fields were inter- 
fered on a 50/50 beam splitter, producing a two-mode 
squeezed state as described in Eq. 1|26|1 . A degree of 
EPR paradox £ 2 = 0.58 was achieved. These results 
were verified by calibrating the loss. The losses were 
experimentally varied and the results compared with 
theory (Section VI), as shown in Fig. [6l This can be 
improved furt her, as up to 9 dB sin gle-mode squeezing is 
now possible ijTakeno et all ( 20071 ). These experiments 
are largely limited by technical issues like detector 
mode-matching and control of the optical phase-shifts, 
which can cause unwanted mixing of squeezed and 
unsqueezed quadratures. 

Another technique is bri ght-beam entanglemen t above 
threshold, proposed by [Reid and Drummondl 1 1988L 



1989h and ICastelli and Lugiatol l|l997l l. This was 
achiev e d recentl y in p a rametric amplifier s lljing et all 
(|2006h : ISu etail (|2006T ): IVillar et all (|2007l . 12005^ 1 and 
eliminates the need for an external local oscillator. Dual- 
beam second-harmonic gener ation can also the o retical ly 
produce EPR correlations (|Lim and Saffmanl (2006)). 
We note that the measure £ 2 — 0.58 is to the best of 
our knowledge the lowest recorded result where there 
has been a direct measurement of an EPR paradox. A 
value for £ 2 can be often be inferred fro m other data, 
either with assumptions about symmetries (jLaurat et al\ 
(2005) ), or as an upp er bound, from a measurement of 
the Duan et~al\ ( 2000h inseparability D, since we know 
£ < 2D (Eq. (fJH Section VI). Such inferred values 
i mply measures of EPR paradox as low as £ 2 = 0.42 
(jLaurat et all (|2005h . Section XI). 

There has also been interest in the EPR- entanglement 
that ca n be achieved with other variables. iBowen et all 
(|2002bf ) obtained £ 2 = 0.72 for the EPR paradox for 
Stokes operators describing the field polarization. The 
EPR paradox was tested for the actual pos i tion and mo - 
mentum of single ph otons ( Fedorov et all ( 20041 . 12006): 
Guo and Guol (120061) ) in an important development by 
Howell et all 1 2004F to realize an experiment more in di- 
rect analogy with original EPR. Here, however, the ex- 
ceptional value £ 2 = 0.01 was achieved using conditional 
data, where detection events are only considered if two 
emitted photons are simultaneously detected. The re- 
sults are thus not directly applicable to the a priori EPR 
paradox. The entanglement of momentum and position, 
as described in the original EP R p aradox, and proposed 
by ICastelli and Lugiatol (|l997l ) an dLugiato et all (|l997f) 
has been achieved using spatially entangled laser beams 
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Figure 6 Graph of (a) the EPiZ-paradox measure £ 2 (Eqs. 
Il23p . I|20p . I|33p ) and (b) Duan et al. (normalized) entangle- 
ment measure D (Eq. {34])) vs. total efficiency r\. The dashed 
lines are theoretical predictions for £ 2 and V. The points 
are experimental data with error bars. It is more difficult to 
satisfy the EPR para dox than to d e monst rate entanglement. 
Figure reprinted from lBowen et all (|2003al ). with permission. 
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VIII. PULSED EPR EXPERIMENTS 

In the previous section we mentioned that one of the 
goals of an experimentalist who aims at generating effi- 
cient entanglement is to devise techniques by which the 
effective nonlinearity can be enhanced. One solution is to 
place the nonlinear medium inside a cavity, as discussed 
above, and another one, which will be discussed in this 
section, is to use high power pump laser pulses. By using 
such a source the effective interaction length can be dra- 
matically shortened. The high finesse cavity conditions 
can be relaxed or for extreme high peak power pulses, the 
use of a cavity can be completely avoided. In fact a sin- 
gle pass through ei t her a highly nonlinear \^ medium 



gle pass through ei t her a highly nonline ar \ y > m edium 
(lAvtiir and Kumarl (fl990T):lHirano and Matsuokal (|l990T I: 
ISlusher et all l|l987lHSmithev et all l|l992l l). "orthrough 
a relatively short piece of standard glass fiber with 



a y*- 3 ) nonlinear coeffi c ient (Bergman and Haud 1 199lh : 



iRosenbluh and Shelbvl (<199ll )). suffices to generate quan- 
tum squeezing, which in turn can lead to entanglement. 

The limitations imposed by the cavity linewidth in the 
CW experiment, such as production of entanglement in 
a narrow frequency band (e.g. generation of "slow" en- 
tanglement), are circumvented when employing a single 
pass pulsed configuration. The frequency bandwidth of 
the quantum effects is then limited only by the phase 
matching bandwidth as well as by the bandwidth of the 
nonlinearity, both of which can be quite large, e .g. on the 
order of some THz 1 Sizmann and Leuchd ( 1999T )). Broad- 
band entanglement is of particular importance for the 
field of quantum information science, where for example 
it allows for fast communication of quantum states by 
means of quantum teleportation (Section X). This may 
also allow truly causal EPR experiments, which are yet 
to be carried out. 
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A. Optical fiber experiment 

The first experimental realization of pulsed EPR en- 
tanglement, shown in Fig. [7|was based on the approach 
of mixing two squeezed beams on a 50/50 beam split- 
ter as outlined above for CW light. In this experiment 
the two squeezed beams were gen erated by exploitin g 
the Kerr nonlinearitv o f silica fibers ( Carter et all 1 19871 1: 
iRosenbluh and Shelby! 1 199lh ) along two orthogonal po- 
l arization axes of t he sam e polarization maintaining fiber 
(jSilberhorn et all (|200lh ^) . More precisely, the fiber was 
placed inside a Sagnac interferometer to produce two am- 
plitude squeezed beams, which subsequently interfered at 
a bulk 50/50 beam splitter (or fiber beam splitter as in 
INandan et all ( 2006T to generate two spatially separated 
EPR modes possessing quantum correlations between the 
amplitude quadratures and the phase quadratures. 

The Kerr effect is a x^ non-linear process and is 
largely equivalent to an intensity dependent refractive 
index. It corresponds to a four photon mixing process 
where two degenerate pump photons at frequency Q, are 
converted into pairs of photons (signal and idler photons) 
also at frequency ft. Due to the full degeneracy of the 
four-photon process, phase matching is naturally satis- 
fied and no external control is needed. Apart from this, 
optical parametr ic amplification and four wave mixing 
are very similar (Milb urn et all 1 19871 0. The nonlinear 
susceptibility for the Kerr effect, x^ 3 \ ls very small com- 
pared to the one for optical parametric amplification, 
• However, as noted above, the effect is substan- 
tially enhanced by using high peak power pulses as well 
as fibers resulting in strong power confinement over the 
entire length of t he fib er crystal. In the experiment of 
ISilberhorn et al a 16 m long polarization main- 

taining fiber was used, the pulse duration was 150 fs, the 
repetition rate was 163 MHz and the mean power was ap- 
proximately 110 pJ. The wavelength was the telecommu- 
nication wavelength of 1.55/zm at which the optical losses 
in glass are very small (0.1 dB/km) and thus almost neg- 
ligible for 16 m of fiber. Furthermore, at this wavelength 
the pulses experience negative dispersion which together 
with the Kerr effect enable soliton formation at a certain 
threshold pulse energy, thereby ensuring a constant peak 
power level of the pulses along the fiber. 

The formation of solitons inside a dispersive medium 
is due to the cancellation of two opposing effects - dis- 
persion and the Kerr effect. However, this is a clas- 
sical argument and thus does not hold true in the 
quantum regime. Instead, an initial coherent state 
is known to change during propagation in a nonlin- 
medium, leadin g to t he formation of a sq ueeze d 



state llCarter et~al 



(1993); 



(fl987ft ; iDrummond et all 
iKitagawa and Yamamotol (|1986l )). Both squeezed and 
entangled state solitons have been generated in this way. 

When obtaining entanglement via Kerr-induced 
squeezing, as opposed to the realizations with few pho- 
tons described in the previous section, the beams in- 
volved are very bright. This fact renders the verifica- 
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Figure 7 The original demonstration of pulsed EPR entan- 
glement. The soliton experiment uses orthogonal polariza- 
tion modes in a fiber Sagnac interferometer and a Mach- 
Zehnder interferometer for fiber-birefringence compensation. 
Notation: A/2 means half-wave plate; G is a gradient index 
len; 50/50 means beam splitter of 50% reflectivity; s and p 
are two amplitude squeezed beams from the respective po- 
larization stat es; a and b are EPR en tangled beams. Figure 
reprinted from Sil berhorn et all (|200lh with permision. 



tion procedure of proving EPR entanglement somewhat 
more difficult since standard homodyne detectors cannot 
be used. We note that the conjugate quadratures un- 
der interrogation of the two beams need not be detected 
directly; it suffices to construct a proper linear combina- 
tio n of the quadrat u res, e .g. x A + x B and Y A — Y B . 
In ISilberhorn et all 1 2001r i a 50/50 beam splitter (on 
which the two supposedly entangled beams were inter- 
fering) followed by direct detection of the output beams 
and electronic subtraction of the generated photocurrents 
was used to construct the appropriate phase quadrature 
combination demonstrating the phase quadrature cor- 
relations. Direct detection of the EPR beam was em- 
ployed to measure t he amplitude q uadra t ure co rrelations 
(see also references iGlockl et all l|2006l I2004T )). Based 
on these measurements a degree of non-separability of 
D = 0.40 was demonstrated (without correcting for de- 
tection losses). The symmetry of the entangled beams 
allowed one to infer from this number the degree of EPR 
violation, which was found to be £ 2 — 0.64 ± 0.08. 



The degree of entanglement as well as the purity of the 
EPR state generated in this experiment were partly lim- 
ited by an effect referred to as guided acoustic w ave Bril- 
louin scattering (GAWBS) (jShelbv et all <|l985l U. which 
occurs unavoidably in standard fibers. This process man- 
ifests itself through thermally excited phase noise reso- 
nances ranging in frequency from a few megahertz up to 
some gigahertz and with intensities that scales linearly 
with the pump power and the fiber length The noise 
is reduced by cooli ng the fiber dShelbv et all (|l986h ). us- 
ing intense pulses ( Shelby et all (|l990h ) or by interfer- 
ence of two consecutive pulses which have acquired iden- 
tical p hase noise during propagation (Shirasak i and Haud 
(1992)). Recently it was suggested that the u se of certain 
photonic crystal fibers can reduce GAWBS ( Elser et all 
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(2006)). Stokes parameter entanglement has been gen- 
erated exploit ing the Kerr effect in fibers using a pulsed 
pump source (iGlockl et all (|2003h l. A recent experiment 
( Huntington et all l|2005l )~has shown that adjacent side- 
band modes (with respect to the optical carrier) of a 
single squeezed beam possess quadrature entanglement. 
However in both experiments the EPR inequality was not 
violated, partly due to the lack of quantum correlations 
and partly due to the extreme degree of excess noise pro- 
duced from the above mentioned scattering effects. 



B. Parametric amplifier experiment 

An alternative approach, which does not involve 
GAWBS, is the use of pulsed down-conversion. Here one 
can either combine two squeezed pulses from a degen- 
erate down-conversion process, or else directly generate 
correlated pulses using non-degenerate down-conversion. 
In t hese experiments, th e main limitations are disper- 
sion i Ravmer et all (11991 )) and a bsorption in the nonlin- 
ear medium. Wenger et all ( 20051 ) produced pulsed EPR 
beams, using a traveling-wave optical parametric ampli- 
fier pumped at 423 nm by a frequency doubled pulsed 
Ti:Sapphire laser beam. Due to the high peak powers 
of the frequency doubled pulses as well as the particular 
choice of a highly non-linear optical material (KNBO3), 
the use of a cavity was circumvented despite the fact that 
a very thin (100 /um) crystal was employed. A thin crys- 
tal was chosen in order to enable broadband phase match- 
ing, thus avoiding group-velocity mismatch. The output 
of the parametric amplifier was then a pulsed two-mode 
squeezed vacuum state with a pulse duration of 150 fs 
and a repetition rate of 780 kHz. 

In contrast to the NOPA used by lOu et all ljl992T ). 
which was non-degenerate in polarization, the process 
used by Wenger et al. was driven in a spatially non- 
degenerate configuration so the signal and idler beams 
were emitted in two different directions. In this experi- 
ment the entanglement was witnessed by mixing the two 
EPR beams with a relative phase shift of at a 50/50 
beam splitter and then monitoring one output using a 
homodyne detector. Setting (j) — and 4 1 — n, the com- 
binations x A + x B and Y A — Y B were constructed. They 
measured a non-separability of D = 0.7 (without cor- 
recting for detector losses) . Furthermore the noise of the 
individual EPR beams were measured and all entries of 
the covariance matrix were estimated (assuming no inter- 
and intra-correlations) . 

Without correcting for detector inefficiencies we de- 
duce that the EPR paradox was not demonstrated in this 
experiment since the product of the conditional variances 
amounts to £ 2 — 1.06. However, by correcting for detec- 
tor losses as done in the paper by Wenger et al., the EPR 
paradox was indeed achieved since in this case the EPR- 
product is £ 2 = 0.83, although causal separation was not 
demonstrated. A degenerate waveguide technique, to- 
gether with a beam-splitter, was recently used to demon- 



strate pulsed entan glement using a traveling wave OPA 
(|Zhang et all (|2007f )). 

A distinct difference between the two pulsed EPR 
experiments, apart from the non-linearity used, is the 
method by which th e data processing was carried out. 
In the experiment bv lSilberhorn et~al. [ (120011 ) , measure- 
ments were performed in the frequency domain similar to 
the previously discussed CW experiments: The quantum 
noise properties were characterized at a specific Fourier 
component within a narrow frequency band, typically 
in the range 100-300 kHz. The frequency bandwidth 
of the detection system was too small to resolve suc- 
cessive pulses, which arrived at the detector with a fre- 
quency of 163 MHz. In the experiment of Wenger et al., 
however, the repetition rate was much lower (780kHz), 
which facilitated the detection stage and consequently al- 
l owed for temp o rally-resoly ed measurements around DC 
(jSmithev et all (|l992L Il993h ). 



IX. SPIN EPR AND ATOMS 

Experimental realizations of the paradox with mas- 
sive particles are important, both due to their close- 
ness in spirit with the original EPR proposal, and be- 
cause such massive entities could reasonably be consid- 
ered more closely bound to the concept of local realism 
than fields. To date, experimental tests of the EPR para- 
dox with massive particles have been limited to situa- 
tions of small spatial separation. However, the technol- 
ogy required to generate, manipulate, and interrogate 
non-classical states of massive systems has undergone 
rapid development over the past decade. These often in- 
volve spin-equivalent versions of the EPR paradox with 
spin quantum numbers much larger than one half. A 
spin-one (fo ur-particle) Bell ine quality violation of a type 
predict ed bvlDrummondl (I1983T1 was observed experimen- 
tally by lHowell et all 1 20021 ). Criteria for ob serving a spin 
EPR p aradox and the experimental test of iBowen et all 
(2002a) have been discussed in Section IV. B. 

Many theoretical proposals and experimental tech- 
niques to entangle pairs of atoms and ato mic ensem- 
bles have been developed ( Cirac etall ( 19971 )). The core 
technologies involved range from single neutral atoms 
trapped in high-Q optic al micro r esona t ors and manipu- 
l ated w ith optical pulses ( Kimbld ( 19981 ) : lMcKeever et all 
( 2003h ). to multiple ions trapped in magnetic traps with 
interaction achieved through vibr ational modes, to opti- 
cally dense ensembles of at o ms (ljulsgaard et all (2001, 
l2004h : lKuzmich et all (|2000l ): IPolziki l|l999l )). 

Future experiments on ultra-cold atoms may involve 
direct entanglement of the atomic position. Possi- 
ble experimental sy stems were recently analyzed by 
iFedorov et all 1 20061 ). for pairs of massive or massless 
particles. Another approach for EPR measurements is to 
use correlated at om-laser beams gen e rated from molec- 
ular dissociation ( Kheruntsyan et all ( 20051 )). This pro- 
posal involves macroscopic numbers of massive particles, 
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together with superpositions of different spatial mass- 
distributions. Entanglement of this type therefore could 
test the unification of quantum theory with gravity. 

Here we focus on experiments based on atomic ensem- 
bles, which have shown the most promise for tests of 
the EPR paradox. In these, a weak atom-light inter- 
action is used to generate a coherent excitation of the 
spin state of a large number of atoms within the en- 
semble. Through appropriate optical manipulation, both 
squeezing and entanglement of this col lective macro- 
scopic s pin state ha ve been demonstrated jGeremia et all 
(|2004f k lHald et all (|l999h : iKuzmich et all l|2000lll997l l). 
as well as entanglement of spatia ll y separated atomi c 
ensembles (IChaneliere et all (l2005h: Ichou et a l. ( 2005); 
ljulsgaard et all (|2004h : iMatsukevich et all l| 2009 1). 

Decoherence is a critical factor which limits the ability 
to generate squeezing and entanglement in atomic sys- 
tems. One might expect that since spin-squeezed and 
entangled atomic ensembles contain a large number N 
of atoms, the decoherence rate of such systems would 
scale as Nj where 7 is the single atom decay rate. In- 
deed, this is the case for other multi-particle entangled 
states such as Greenberger -Horne-Zeilinger entanglement 
( Gre enberger et all l|l989l ll. however, a critical feature 
of these collective spin states is that excitation due to in- 
teraction with light is distributed symmetrically amongst 
all of the atoms. This has the consequence that the sys- 
tem is robust to decay (or loss) of single atoms. Conse- 
quently, the decoherence rate has no dependence on N 
and is equal to the single photon decay rate 7 1 Lukinl 
(1200.1 11. Several experimental techniques have been de- 
veloped to further reduce the decoherence rate. These 
include the use of buffer gase s (Philli ps et all (|200lf l) and 
paraffin coatings ( Julsgaard et all 1 200ll l) in room tem- 
perature vapor cells to respectively minimize collisions 
between atoms and the effect of wall collisions; and the 



use of cold atoms in magneto-optic traps l|Geremia et all 
(2004)). These techniques have lead to long decoherence 
times of the order of 1 ms for the collective spin states. 



A. Transfer of optical entanglement to atomic ensembles 



The work of lPolzikl (|l999h showed that the optical en- 
tanglement generated by a parametric oscillator, as de- 
scribed in Section VII could be transferred to the collec- 
tive spin state of a pair of distant atomic ensembles. This 
research built on earlier work focusing o n the transfer of 
optica l squeezing to atomic spin states I Kuzmich et all 
ljl997j lV [n both cases, however, at least 50% loss was 
introduced due to spontaneous emission. As discussed in 
Section V, the EPR paradox cannot be tested when sym- 
m etric lo s ses th at exceed 50%. Therefore, the proposal 
of lPolzikl 1 1999l l is not immediately suitable for tests of 
the EPR paradox. Extensions of this work have shown 
that by placing the atomic ensemble within an optical 
resonator, the quantum state transfer can be enhanced 
so that tests of the EPR paradox should be possible 



(|Dantan et all l|2003t l: IVernac et all (|200lh ). 

The first experimental demonstration of quantum state 
transfer from the polarization state of an optical field to 
the collect ive spin sta t e of a n atomic ensemble was per- 
formed hv lHald et all l|l999l l. They demonstrated trans- 
fer of as much as -0.13 dB of squeezing to an ensemble of 
10 9 cold atoms in a magneto-optic trap. The extension 
of these results to pairs of spatially separated entangled 
ensembles has yet to be performed experimentally. 



B. Conditional atom ensemble entanglement 

The other approach to experimental demonstration 
of collective spin entanglement in atomic ensembles is 
to rel y on condit i oning measurements t o prep are the 
state (jchou et all l|2005l l: ljulsgaard et all (2Q0J)). This 
approach has the advantag e of not requiri n g any non- 
classical optical resources. IKuzmich et all (2000) per- 
formed an experiment that was based on a continuous 
quantum non-demolition (QND) measurement of the z 
spin projection of a room temperature ensemble of spin- 
polarized Cesium atoms in a paraffin-coated glass cell and 
demonstrated 5.2 dB of collective spin sq ueezing. A sub- 
sequen t experiment along theses lines by lGeremia et all 
(2004) utilized control techniques to further enhance the 
generation of QND based collective spin squeezing. The 
definition of collective s pin in extended atomic systems o f 
this type is discussed in lDrummond and Raymerl ( 1991). 

In a major advance, collecti v e spin entanglement was 
generated by ljulsgaard et all (|20Qlh using techniques 
similar to the QND measurements above. They inter- 
acted a pulse of light with two spatially separated spin- 
polarized atomic ensembles in paraffin-coated glass cells, 
and performed a nonlocal Bell measurement on the col- 
lective spin through detection of the transmitted pulse. 
This conditioned the state of the atomic ensembles into 
a collective entangled state of the type required to test 
the EPR paradox. They report that if utilised in a unity 
gain coherent state teleportation experiment, this atomic 
entanglement could allow a fidelity as high as 0.55. This 
corresponds to an inseparability value of D = 0.82, which 
is well below 1 (indicating entanglement), but is not suf- 
ficient for a direct test of the EPR paradox. 

Recently, techniques to condition the spin state of 
atomic ensembles have been developed based on the de- 
tection of stimulated Raman scattering. These tech- 
niques have si gnificant potential for quantum informa- 
tion networks (Duan et al . (2001)) and are also capable 
of generating a collective entangled state of the form re- 
quired to test the E PR paradox. The experiment by 
IKuzmich et all ( 2003f l demonstrated non-classical corre- 
lations between pairs of time-separated photons emitted 
from a Cs ensemble in a magneto-optical trap. Through 
the detection of the second photon the atomic ensemble 
was conditioned into a non-classical state . The principle 
of the experiment by Ivan der Wal et all ( 2003f l was the 
same. However, a Rb vapor cell with buffer gas was used, 
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and field quadratures were detected rather than single 
photons. This experiment demonstrated joint-squeezing 
of the output fields from the ensemble, implying the pres- 
ence of collective spin squeezing within the ensemble. 
Entanglement between two spatially separate ensembles 
has now been demonstrated based on the same principles 
(<Chou et al\ (|2005h : iMatsukevich et aJ\ (<2006h ). 



X. APPLICATION OF EPR ENTANGLEMENT 

Entanglement is a central resource in many quantum 
information protocols. A review of the continuous vari- 
able quantum information protoc ols has been given by 
iBraunstein and van Loockl (|2005h . In this section, we 
focus on three continuous-variable quantum information 
protocols that utilize shared EPR entanglement between 
two parties. They are entanglement-based quantum key 
distribution, quantum teleportation and entanglement 
swapping. We discuss the relevance of the EPR paradox 
in relation to its use as a figure of merit for characterizing 
the efficacy of each of these protocols. 



A. Entanglement-based quantum key-distribution 

In quantum key distribution (QKD), a sender, Al- 
ice, wants to communicate with a receiver, Bob, in se- 
crecy. They achieve this by first cooperatively finding a 
method to generate a secret key that is uniquely shared 
between the two of them. Once this key is successfully 
generated and shared, messages can be encrypted using 
a "one-time-pad" algorithm and communication between 
them will be absolutely secure. Figure [3] shows that the 
EPR paradox can be demonstrated when Alice and Bob 
get together to perform conditional variance measure- 
ments of the quadrature amplitudes of a pair of entangled 
beams. The product of the conditional variances of both 
quadrature amplitudes gives the degree of EPR entangle- 
ment. Since EPR ent angled beam s can not be cloned, it 
has be en proposed by Uteid ( 2003) and ISilberhorn et al 
(2002) that the sharing of EPR entanglement between 
two parties can be used for QKD. 

In order to use the EPR entanglement for QKD, we 
assume that the entanglement generation is performed 
by Alice. Alice keeps one of the entangled beams and 
transmits the other to Bob. It is therefore reasonable to 
assume that Alice's measurements on her beam has neg- 
ligible loss by setting tja = 1 whilst Bob's measurements 
are lossy due to the long distance transmission of entan- 
glement with rjB < 1- With Alice and Bob both ran- 
domly switching their quadrature measurement between 
amplitude (X A for Alice and X B for Bob) and phase (Y A 
for Alice and Y B for Bob), the secret key for the cryp- 
tographic communication is obtained from the quantum 
fluctuations of the EPR entanglement when there is an 
agreement in their chosen quadrature. 

Since the results of measurements between Alice and 



Bob are never perfectly identical, Alice and Bob are re- 
quired to reconcile the results of their measurements. 
Conventionally, it was assumed that Bob is required to 
guess Alice's measured val ues. The net information r ate 
for QKD, as suggested by ICsiszar and Kornerl ( 19781 ). is 
given by 
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conditional variances defined in Section IIV.CI for infer- 
ences made about A from B, and where V A ,' E is cal- 
culated by assuming that an eavesdropper Eve has ac- 
cess to all of the quantum correlations resulting from 
transmission losses. When the net information rate is 
positive, AI > 0, a secret key can be generated be- 
tween Alice and Bob. The conditional variance product 

V A \B = A inf X 
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A 2 X A ' B , and V\ B = A 2 Y A < B . 
We note from Fig. H that V A \b > 1 for r\ B < 0.5. This 
suggests that Alice and Bob can no longer share EPR 
entanglement for larger than 3 dB transmission loss. This 
loss limit is referred to as the 3 dB limit for QKD. 

If on the other hand, Alice was to infer Bob's measured 
results, the relevant EPR measure and net information 
rate are respectively given by 
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] Fig. 2] suggests that it is possible to have Vb\a < 1 and 
AI > for all values of < T)b < 1. Entanglement 
can thus exist over long distances and the 3 dB limit for 
entanglement-based QKD can be surpassed. 

The advantage gained by reversing the inference, 
known as revers e recon ciliation, was first recognized by 
iGrosshans et all 1 20031 ). It can be simply understood 
as follows. When Bob and Eve both attempt to infer 
the information Alice sent using their respective mea- 
surements, a greater than 50% loss where r\B < 0.5 will 
give Eve an irrecoverable information advantage over Bob 
since one has to assume that Eve somehow has access to 
more than 50% of the information. In reverse reconcil- 
iation, Alice and Eve will both attempt to infer Bob's 
results. Since Alice's entanglement is assumed to be loss- 
less (t]a = 1), she maintains her information advantage 
relative to Eve, who only has partial information that is 
at most proportional to transmission losses. 
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B. Quantum Teleportation and Entanglement Swapping 
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Figure 8 (Color online) Schematic of quantum teleportation 
and entanglement swapping. In teleportation, Alice and Bob 
share a pair of entangled beams, \ipia) is the input state Alice 
teleports to Bob. The use of electro-optic feedforward on both 
the amplitude and phase quadrature on Bob's entangled beam 
produces an output state |t/w) which he measures using opti- 
cal homodyne detection, as in Fig. [3] In entanglement swap- 
ping, Alice and Victor also share a pair of entangled beams. 
Alice uses her share of this pair as the input state The 
teleportation protocol is again performed. Victor verifies the 
efficacy of entanglement swapping using conditional variance 
measurements of his entangled beam with Bob's teleportation 
output beam. The elements are: beam splitters BS, local 
oscillator LO, phase shift 6, difference/ sum currents +/— . 
Semicircles are photodiodes, while triangles show electronic 
gain. 

Quantum teleportation is a three stage protocol that 
enables a sender, Alice, to transmit a quantum state to 
a receiver, Bob, without a direct quantum channel. Fig. 
[8] gives the schematic of the protocol. Alice first makes 
simultaneous measurements of a pair of conjugate observ- 
ables of an unknown quantum state, \ip), by interfering 
the unknown quantum state with one of the entangled 
beam pairs she shares with Bob. She then transmits both 
her measured results to Bob using two classical channels. 
Using the other entangled beam, Bob reconstructs the 
quantum state by manipulation of the other entangled 
beam, using the classical information obtained from Al- 
ice. In an ideal situation, the output state of Bob will 
be an exact replica of the unknown input state sent by 
Alice. This form of remote communication of quantum 
information using only en tanglement and classi cal infor- 
mation was proposed by iBennett et all (1 1993h for dis- 
crete variables. A year later, IVaid man! (|1994j ) extended 
this idea to allow for continuous-variable systems, such 
as the teleportation of position and momentum of a par- 
ticle or the quadrature amplitudes of a laser beam. Fur- 
the r work on continuous- va r iable quant um teleportation 
by Braunstein and Kimblel 1 19981 ) and iRalph and Laml 
(1998) shows that quantum teleportation can indeed be 
demonstrated using finite squeezing and entanglement. 

For realistic experimental demonstration of 
continuous-variable quantum teleportation, the out- 
put state cannot be identical to the teleporter input 



because of the finite quantum correlations available in 
experimentally produced squeezing and entanglement. 
A well accepted measure of teleportation efficacy is the 
overlap of the wavefunction of the output state with the 
original input state. The teleportation fidelity is given 
by T — (i/'in|pout|V'in) where p out is the density operator 
of the output state. Ideally, quantum teleportation can 
give a fidelity of unity. For a Gaussian distribution of co- 
herent states, with mean photon number n, the average 
fidelity using classical measure and reg enerate strategies 
i s lim ited to T < (n + l)/(2n + 1) ijHammerer et all 
(2005). In the limit of large photon number, one obtains 
T < 0.5, commonly referred to as the classical limit 
for fidelity. Experiments with teleporta tion fidelity sur- 
passin g this limit we r e demo nstra ted bvlFurusawa et all 
(|l998h . IZhang et all ll2003all and iBowen et all (12003b). 
More recently iGrosshans and Grangier (|2001 1 suggested 



that for T > 2/3, Bob's output state from the teleporter 
is the best reconstruction of the original input. Alice, 
even with the availability of perfect entanglement, 
cannot conspire with another party to replicate a 
better copy than what Bob has reconstructed. This 
average fidelity value is referred to as the no-cloning 
limit for quantum teleport ation. This limit has been 
experimentally surpassed by lTakei et all 1 20051 ). 

The use of fidelity for characterizing teleportation has 
limitations. Firstly, fidelity captures only the mean value 
behavior of the output state relative to the input. The 
measure does not directly guarantee that quantum fluc- 
tuations of the input state are faithfully replicated. Sec- 
ondly, fidelity is an input-state dependent measure. In 
theory, measurements of fidelity have to be averaged over 
a significant region of the quadrature amplitude phase 
space before the suggested boun ds are valid classi c al and 
no-cloning limits. Alternatively, IRalph and Laml (1998) 
suggested that the measure of the EPR paradox can be 
used to characterize quantum teleportation. The tele- 
portation efficacy can be measured in terms of the con- 
ditional variance measure, V, and an additional informa- 
tion transfer coefficient, T, given by 
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where TZ is the signal-to-noise variance ratio, and X, Y 
are the quadratures for the respective input and output 
states. V is therefore a direct measure of the correlations 
of quantum fluctuations between the input and the out- 
put state. T, on the other hand, measures the faithful 
transfer of information of both quadrature amplitudes. 
Without the use of shared entanglement, it can be shown 
that quantum telepor t ation is limited to V > 1 and T < 1 
(jBowen et all l|2003bt ): [Ralph and Larr] l|l998l )). 

Unlike teleportation fidelity, it can be shown that these 
T — V parameters are less dependent on input states. 
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Their direct measurements does, however, pose some 
problems. Since the teleported input is invariably de- 
stroyed by Alice's initial measurements, Bob cannot in 
real time directly work out the conditional variances of 
his output state relative to the destroyed input. Never- 
theless, by making a suitable assumption of the gain of 
the teleporter, an inferred conditional variance product 
can be calculated. 

The difficulty in directly measuring the conditional 
variance product is resolved when we consider using a 
beam from another entanglement source as the input 
state, as shown in Fig. [HI The teleported output of 
this entangled beam can be interrogated by the T — V as 
suggested. This protocol is known as entanglement swap- 
ping. The first continuous varia ble entanglement s wap- 
ping experiment was reported bv lTakei et all 1 20051 ). 
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XI. OUTLOOK 

The Einstein-Podolsky-Rosen gedanken-experiment 
has been realized through a series of important develop- 
ments, both theoretical and technological. Experiments 
have measured violation of the inferred Heisenberg un- 
certainty principle, thus confirming EPR-entanglement. 
Fig. 9 summarizes the degree of entanglement and the 
degree of EPR paradox achieved in continuous variable 
experiments to date. 

A question often arising is the utility of such measure- 
ments, given that Bell inequality violations are a more 
powerful indication of the failure of local realism. There 
are multiple reasons for this. The beauty of the EPR 
approach is its simplicity, both from a theoretical and 
a practical point of view. Bell inequalities have proved 
in reality exceedingly difficult to violate. EPR measure- 
ments with quadratures do not involve conditional state 
preparation or the inefficient detectors found in most cur- 
rent photon-based Bell inequality experiments, and the 
issue of causal separation does not look insurmountable. 

The development of these techniques also represents a 
new technology, with potential applications in a number 
of areas ranging from quantum cryptography and ultra- 
precise measurements, through to innovative new exper- 
imental demonstrations of ideas like quantum 'telepor- 
tation' - using entanglement and a classical channel for 
transmission of quantum states between two locations. 

Owing to Bell's theorem, Einstein et aZ.'s argu- 
ment for completing quantum mechanics is sometimes 
viewed as a mistake. Yet there exist alternatives 
to standard quantum theory which are not ruled out 
by any Bell experiments. These include spontaneous 
decoherence feassi and Ghirardil {2003); iGhirardi et al\ 
1986)), gravitational nonlineari tv (iDiosil (l2007l ): IPenrosel 
19981 )). and absorber theories ijPeggl ()l997l )). By using 



field-quadrature measurements and multi-particle states, 
quantum theory and its alternati ves can be tested for i n- 
creasingly macroscopic systems ( Marshall et all (2003)). 
However, an ingredient central to the EPR argument, 



Figure 9 a) A history of experiments investigating measure 
of: a) £ 2 , the EPR paradox (Eq. (23])) and b) insepa- 
rability D (Eqs. l]34[| and l|2ip ). for continuous variable 
measurements. Where D < 0.5, one can infer an EPR 
paradox, using £ < 2D (Section VI). The grey labels in 
(a) indicate that £ 2 has not been measured directly, but 
is inferred by the authors. From (b) we see that an EPR 
paradox could hav e been infer red in other exper iments as 
well, (i) lOu et all ([1992T ). (n) IZhang et all (l2000lminferred 
from a varia nce product mea s urem ent!, (Hi) ISilberhorn et all 



d200ll). (iv) lJulsgaard efaTl (|200lh . (y) ISchori et all (2002) 




(vi) iBowen et 

(viii) | Glockl et oil (120031 ). (i x) Ijosse et 
Hav asaka et all (12004^ (xi) iTakei et 
Laurat et all (|2Q05|). ( xiii) IWenger et al\ (1200 
Huntington et all (1200a ). (xv) IVillar et all 
Nandan et all (120061 ) ~ 



(vii ) IBowen et all (120 03a) 



I ll2004D~ 



Take i et all ( 2006 



(xv) 
(xvii) | jing et 



42003) 



lichiro Yoshino et all 
(x xi) iDong et all l20O 




\xx) IZnang , et al\ II7UUYI. (xxi) JJon g et all II2UI 
Kell er et all (120081^ . (xxiii) iGrosse et all (I200S 
Wagner et all {2008), (xxv) iBover et all l|200Sl ). Insepara- 
bility has also been verified using o ther measures, such as 
negativity (jOurioumtsev et all l|2007l )). 



causal separation of measurement events, is missing from 
these experiments to date. In view of this, further EPR 
experiments are of considerable interest, especially with 
causal separation and/or massive particles. 
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